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Any set of finitely presented left modules defines a relative purity for left modules and also a
purity for right modules. Purities defined by various classes are compared and investigated,
especially in the contexts of modules over semiperfect rings and over tame hereditary, and
more general, finite-dimensional algebras. Connections between the indecomposable rela-
tively pure-injective modules and closure in the full support topology (a refinement of the
Ziegler spectrum) are described.

Duality between left and right modules is used to define the concept of a class of left
modules and a class of right modules forming an almost dual pair. Definability of such
classes is investigated, especially in the case that one class is the closure of a set of finitely
presented modules under direct limits. Elementary duality plays an important role here.

Given a set of finitely presented modules, the corresponding proper class of relatively
pure-exact sequences can be used to define a relative notion of cotorsion pair, which we
investigate.

The results of this thesis unify and extend a wide range of results in the literature.
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List of Notation

All rings in this thesis are associative with unity, all modules are unital, all classes of mod-

ules are closed under isomorphism and all matrices are matrices with finitely many rows and

finitely many columns.

Notation Description

R associative ring with unity

RM (resp. MR) a left (resp right) R-module M

R-Mod (resp. Mod-R) the class of left (resp. right) R-modules

R-mod (resp. mod-R) the class of finitely presented left (resp. right) R-modules

Z+ the positive integers

ω the first infinite ordinal number

M ' N M is isomorphic to N

HomR(M,N) the group of R-homomorphisms from M to N

EndR(M) the endomorphism ring of the module M

1M the identity homomorphism 1M : M→M

f a ( f (a1), f (a2), ..., f (an)) ∈ Bn where f : A→ B is a homo-

morphism and a = (a1,a2, ...,an) ∈ An

M? the character module HomZ(M,Q/Z)

X� HomR(X ,RR) where X is a right R-module

M∗ the E-dual module HomK(M,E), where K is a commutative

ring and E is an injective cogenerator for K-Mod, p. 23

F∗ the class {M∗ |M ∈ F}

δM the canonical monomorphism δM : M→M∗∗, p. 23

ker(α) (resp. im(α)) the kernel (resp. image) of the homomorphism α

coker(α) the cokernel of the homomorphism α
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Notation Description

M
n×m

(R) the set of n×m matrices over R

H
n×m

an n×m matrix H over R

0
1×1

the 1×1 zero matrix over R

ρH (resp. λH) the homomorphism ρH : RRn→ RRm (resp. λH : Rm
R → Rn

R)

determined by right (resp. left) multiplication by H
n×m

LH (H ∈ M
n×m

(R)) the (m,n)-presented left R-module Rm/im(ρH)

DH (H ∈ M
n×m

(R)) the (n,m)-presented right R-module Rn/im(λH)

LH (resp. DH) the class {LH | H ∈H} (resp. {DH | H ∈H})

PE(M) pure-injective hull of M, p. 25

J(M) Jacobson radical of M

6 T > the left ideal generated by the subset T of a ring R

gen(M) the minimal number of generators of M

rel(M) the minimal number of relations on any generating set of M

∏
i∈I

Mi the direct product of the modules Mi⊕
i∈I

Mi the direct sum of the modules Mi

lim
−→

Mi the direct limit of the directed system of modules Mi

lim
−→
F the class of direct limits of direct systems of modules in F

RInj (resp. InjR) the class of injective left (resp. right) R-modules

ProdF the class of modules that are direct summands of direct prod-

ucts of modules from a class F

AddF (resp. addF) the class of modules that are direct summands of (resp. finite)

direct sums of modules from a class F

R-inj the class of indecomposable injective left R-modules

Rpinj the class of indecomposable pure-injective left R-modules

RPinj (resp. PinjR) the class of pure-injective left (resp. right) R-modules, p. 25

RF lat (resp. F latR) the class of flat left (resp. right) R-modules

RAPure the class of absolutely pure left R-modules, p. 24

APureR the class of absolutely pure right R-modules

RPproj (resp. RProj) the class of pure-projective (resp. projective) left R-modules
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Notation Description

S-Pinj (resp. S-Pproj) the class of S-pure-injective (resp. projective) left

R-modules where S⊆ R-mod, p. 27

RRD-Inj the class of RD-injective left R-modules, p. 27

RRD-Proj the class of RD-projective left R-modules, p. 27

RRD-Flat the class of RD-flat left R-modules, p. 79

RD-CoflatR the class of RD-coflat right R-modules, p. 94

M⊗R N the tensor product over R of MR and RN

D(S) the elementary dual of the definable class S, p. 29

D(M) an Auslander-Bridger dual of M, p. 43

PinjF the class of pure-injective modules in F

F+ the class of modules that are pure submodules of modules

in F

F� the class {M |M∗ ∈ F}

R-ind the class of finitely presented indecomposable left R-

modules

ind(M) the class of (isomorphism types of) indecomposable direct

summands of M, where M ∈ R-mod

ind(S) the class
⋃

M∈S
ind(M), where S⊆ R-mod

fsc(T ) (resp. T ) the closure of the class T of modules in the full support

(resp. Ziegler) topology, p. 56

< X > the definable subcategory generated by the class X of mod-

ules, p. 29

S[∞] (resp. Ŝ) the Prüfer (resp. adic) R-module corresponding to a simple

regular R-module S, p. 55

RI (resp. RP, resp. RR) the class of indecomposable preinjective (resp. preprojec-

tive, resp. regular) left R-modules, p. 79

TS the class {M |M is an indecomposable regular leftR-module

with HomR(M,S) 6= 0} where S is a simple regular left

R-module, p. 58
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Notation Description

PS the class of S-pure short exact sequences of left R-modules where

S⊆ R-mod, p. 27

ExtnR(−,−) the nth cohomology group derived from HomR(−,−) using right

(InjR)-resolutions

TorR
1 (−,−) the 1st homology group derived from the tensor product over R using

left (ProjR)-resolutions

AxtnR(−,−) the nth cohomology group derived from HomR(−,−) using right

(APureR)-resolutions, p. 108

PextnS(−,−) the nth cohomology group derived from HomR(−,−) using right

(S-Pinj)-resolutions where S⊆mod-R, p. 109

TorS
n(−,−) the nth homology group derived from the tensor product over R using

left (S-Pproj)-resolutions, p. 144

AxtnS(−,−) the nth cohomology group derived from HomR(−,−) using right

((S-Pinj)+)-resolutions, p. 109
⊥F the class {M | Ext1R(M,F) = 0}

F⊥ the class {M | Ext1R(F ,M) = 0}
⊥SF the class {M | Pext1S(M,F) = 0}

F⊥S the class {M | Pext1S(F ,M) = 0}

12



Chapter 1

Introduction

Cohn in [13] introduced the concept of purity for modules over general rings. Many relative

versions of purity have been considered since then (see for example, [1], [14], [39], [56],

[67] and [79]). More generally, let S be a class of left R-modules. Following Warfield [75],

an exact sequence 0→A
f→B

g→C→ 0 of left R-modules is said to be S-pure if the sequence

0→ HomR (M,A)→ HomR (M,B)→ HomR (M,C)→ 0 is exact, for all M ∈ S. A module

M is said to be S-pure-injective (resp. S-pure-projective), if M is injective (resp. projective)

relative to every S-pure exact sequence of modules.

The aim of this thesis is to investigate S-purities which are determined by classes S of

finitely presented modules.

Chapter 2 contains background material used throughout the thesis.

In chapter 3, the new material begins. First, we present a number of characterizations and

properties of S-pure-exact sequences and of the associated classes of relatively projective

and relatively injective modules.

In [56] purity and S-purity are compared. In particular, it is proved that S-purity and

purity are equivalent if and only if S-pure-injectivity and pure-injectivity are equivalent if

and only if R-mod ⊆ add(S∪{RR}) [56, Theorem 2.5, p. 2136]. Extending this result, we

compare S-purity and T -purity for arbitrary classes S and T of finitely presented left

R-modules. We show that there is a natural ordering on purities for left modules given by

T -purity ≤ S-purity if every T -pure exact sequence is S-pure exact. In Theorem 3.2.1 we

give various characterizations of this relation, for example this condition is equivalent to

S⊆ add(T ∪{RR}). We also show the relation between the purity for left modules which is

determined by S and the purity for right modules determined by S; this is said most directly

13



CHAPTER 1. INTRODUCTION 14

in terms of the matrices presenting the modules in S.

Al-Kawarit and Cauchot [1] gave conditions in the context of commutative rings under

which purities determined by matrices of certain sizes are different. We obtain related re-

sults over semiperfect rings, specifically in Theorem 3.3.6 we give a generalization of [1,

Theorem 3.5(1), p. 3888] in which we prove the following. Suppose that (n,m) and (r,s) are

any two pairs of positive integers such that n 6= r and that one of the following two conditions

is satisfied: (a) R is semiperfect and there exists an ideal I of R with gen(IR) = max{n,r}

and I ⊆ e jR for some local idempotent e j; (b) R is Krull-Schmidt and there exists a right

ideal I of R with gen(I) = max{n,r} and I ⊆ e jR for some local idempotent e j. Then:

(1) (m,n)-purity and (s,r)-purity of short exact sequences of left R-modules are not equiv-

alent; (2) (n,m)-purity and (r,s)-purity of short exact sequences of right R-modules are

not equivalent.

In section 3.4, we study purity over finite-dimensional algebras and we consider in de-

tail the question: what are conditions under which purities determined by matrices of certain

sizes are different over such algebras?. Firstly, we compare purities over the Kronecker al-

gebra over an algebraically closed field k. In Proposition 3.4.4 we prove that if R is a

finite-dimensional algebra over a field k and it is not of finite representation type, then for

every r ∈ Z+, there is n > r such that (ℵ0,n)-purity 6= (ℵ0,r)-purity for left R-modules. In

Theorem 3.4.6 we give a description of the S-pure-injective modules in terms of the

type-definable category generated by τS where τ is Auslander-Reiten translate. Let H be a

set of matrices over a tame hereditary finite-dimensional algebra R over a field k. Conditions

under which the generic module is LH-pure-injective are given in Proposition 3.4.10. Also,

over such algebra, a characterization of when the S-adic module (where S is a simple regular

left R-module) belongs to the full support topology closure of a fixed class of indecompos-

able regular modules is given in Theorem 3.4.19. Finally, we give a complete description of

the full support topology closure of any class of indecomposable finite-dimensional modules

over a tame hereditary finite-dimensional algebra R over a field k. Also, this result gives a

complete description of the indecomposable S-pure-injective modules over such algebra.

In the last section of chapter 3 we give a condition on a left R-module M for every

S-pure submodule of M to be a direct summand and prove that such a module is a direct

sum of indecomposable submodules. As a corollary of this result we give a number of

characterizations of rings whose indecomposable R-modules are S-pure-projective.
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In chapter 4, we consider definability of the classes lim
−→

S (the class of direct limits of

direct systems of modules in S) and ProdS∗ (the class of modules that are direct summands

of direct products of modules from the class S∗ of modules dual to those in S) , where

S = addS ⊆ R-mod. First, we introduce the concept of almost dual pairs. An almost dual

pair over R is a pair (F ,G), where F (resp. G) is a class of left (resp. right) R-modules such

for any left R-module M, M ∈ F if and only if the E-dual module M∗ = HomK(M,E) ∈ G,

and G is closed under direct summands and direct products. We show that the definition of

an almost dual pair is independent of the duality used and give some examples and properties

of these concepts. Some natural bijections induced by almost dual pairs are given. In Theo-

rem 4.2.13 we show that there are natural bijections between the following: classes of pure-

injective right R-modules closed under direct summands and products; almost dual pairs

(F ,G) in which G is a class of pure-injective right R-modules; almost dual pairs (F ,G) in

which G is closed under pure submodules and pure-injective hulls. Let S = addS⊆ R-mod.

Several authors (see, e.g. [36], [4] and [5]) studied properties of lim
−→

S. Holm [26] considered

the class ProdS? and he proved in [26, Theorem 1.4, p. 545] that a module M is in lim
−→

S if

and only if M? = HomZ(M,Q/Z) is in ProdS?. Thus (lim
−→

S , ProdS?) is an almost dual pair.

Let S,T ⊆ R-mod. As a generalization of Holm’s theorem, we introduce in Theorem 4.2.24

types of almost dual pair defined in terms of conditions on S and T which cover many well

known examples of almost dual pairs. In Proposition 4.2.34, we compare two purities by

using the class lim
−→

(addS).

In section 4.3, we get the first main aim of this chapter, which is to obtain new re-

sults on definable classes by using duality of modules, where a subclass X of R-Mod is

said to be definable if it is closed under direct products, direct limits and pure submod-

ules. Throughout this paragraph let (F ,G) be an almost dual pair. In Proposition 4.3.1, we

show that the class F is definable if and only if F∗∗ ⊆ F . Also, in Theorem 4.3.2, we get

several equivalent characterizations of definability of G+ in terms of dual modules where

G+ = {M |M is a pure submodule of a module in G}. For example, we prove that G+ is de-

finable if and only if G∗ ⊆ F if and only if (G+)∗∗ ⊆ G+. In Proposition 4.3.7, we give

the relation between definability of F and definability of G+. For example, we show that

if G is closed under pure-injective hulls, then (1) G+ is definable⇔ (2) F is definable and

if M ∈ G then M is a pure submodule of N∗ for some N∗ ∈ G ⇔ (3) F is definable and

ProdF∗ = PinjG where PinjG is the class of pure-injective modules in G. Proposition 4.3.8
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shows that the class G is definable if and only if (G,F) is an almost dual pair. At the end of

this section we show that if G+ is definable, then D(G+) = F and D(F) = G+, where D is

the elementary dual and this is a generalization of Theorem 4.4(2) in [61, p. 17].

Let S ⊆ R-mod. In the literature, many characterizations of definability of lim
−→

(addS)

have been given but without using the duality of modules (see, e.g. [15, Theorem 4.2,

p. 1665] and [32, Proposition 3.11, p. 27]). The second main aim of chapter 4 is to obtain

new results on definability of the class lim
−→

(addS) by using duality of modules and to show

that the converse of theorem of Holm, [26, Theorem 5.6, p. 556], (see Theorem 4.4.3) is

true too. We achieve this aim in Theorem 4.4.1 by taking (F ,G) to be the almost dual pair

(lim
−→

(addS) , ProdS∗) and applying some results in section 4.3. In this theorem, we prove

for example that lim
−→

(addS) is definable if and only if (ProdS∗)+ is definable if and only if

(ProdS∗)∗ ⊆ lim
−→

(addS) if and only if (ProdS∗)+ is closed under pure homomorphic images

if and only ifD((ProdS∗)+) = lim
−→

(addS) =< S>, where < S> is the definable subcategory

generated by S. Theorem 4.4.1 is a generalization of [71, Theorem 3.2, p. 325], [80, 1.6,

p. 383] and [12, Theorem 1, p. 176]. In Theorem 4.4.11, we give equivalent characterizations

of definability of any class of modules F in terms of the class F�, where F� = {M |M∗ ∈

F} and as a corollary of this result we get equivalent characterizations of definability of

lim
−→

(addS) in terms of the class (lim
−→

(addS))�. Also, Proposition 4.4.15 gives an equivalent

characterization of definability of lim
−→

(addS) in terms of the class (lim
−→

(addS))�. Let S ⊆

R-mod be such that S = addS. In Corollary 4.4.23, we give an equivalent characterization

of definability of the class lim
−→

S in terms of the duality between (ProdS?)+-preenvelopes (or

(ProdS?)-preenvelopes) and (lim
−→

S)-precovers.

We end this chapter by considering definability of the class ProdS∗, where S ⊆ R-mod.

Let (F ,G) be an almost dual pair such that G ⊆ PinjR (in particular, G = ProdS∗ where

S⊆ R-mod). Several characterizations of definability of G are given in Theorem 4.5.1 and

Theorem 4.5.4. For example, we prove that (1) G is definable ⇔ (2) G is closed under

direct sums ⇔ (3) G = G+ ⇔ (4) (G,F) is an almost dual pair ⇔ (5) M ∈ G if and only

if M∗∗ ∈ G ⇔ (6) M ∈ G if and only if M∗ ∈ F . Theorem 4.5.1 (resp. Theorem 4.5.4) is a

generalization of [19, Theorem 5.4.1, p. 120], [43, Theorem 3, p. 564] and [26, Theorem 1.3]

(resp. [12, Theorem 2, p. 176]). In Corollary 4.5.5, we achieve another aim in this chapter,

that is, to prove Holm’s theorem, [26, Theorem 1.5, p. 545], (see Theorem 4.1.1) without

his assumptions ( RR ∈ S and lim
−→

(addS) is definable). In Theorem 4.5.10, we characterize
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the definability of the class ProdS? in terms of preenvelopes and precovers. We prove for

example that ProdS? is definable if and only if a pure monomorphism ϕ : M→ X in Mod-R

is a (ProdS?)-preenvelope of M if and only if ϕ? : X?→ M? is a (lim
−→

(addS))-precover of

M? in R-Mod. The final main purpose in this chapter is to generalize theorem of Pinzon

[50, Theorem 5.4, p. 51] (see Theorem 4.5.11) from definability of the class InjR (which is

equivalent to R being right noetherian) to definability of the class S-Pinj, where S⊆mod-R.

This is in Theorem 4.5.16.

In chapter 5, we investigate the notion of cotorsion pairs relative to the proper class

of S-pure short exact sequences of left R-modules (in short, S-cotorsion pairs), where S ⊆

R-mod. They are defined as complete orthogonal classes with respect to the functor Pext1S

which is defined in subsection 4.5.2. This notion was considered by Hovey in [29] for

any proper class of short exact sequences. In section 5.2, we induce S-cotorsion pairs

by using S
′
-Pinj, where S,S′ ⊆ R-mod. For example in Theorem 5.2.7, we con-

sider S-cotorsion pairs induced by S-Pinj and we give equivalent characterizations of a ring

over which every module in (S-Pinj)+ is S-pure-projective. In Theorem 5.2.10, we give

equivalent characterizations of definability of the class S-Pinj in terms of S-cotorsion pairs

and (S-Pinj)+-preenvelopes. We prove for example that S-Pinj is definable if and only if

(⊥S((S-Pinj)+),S-Pinj) is an S-cotorsion pair if and only if every (S-Pinj)-preenvelope of a

left R-module M is a (S-Pinj)+-preenvelope of M. Proposition 5.2.11 provides character-

izations of the equivalence of two purities by using relative cotorsion pairs. We prove for

example that S-purity = S
′
-purity for short exact sequences of left R-modules if and only if

(R-Mod,S-Pinj) is an S
′
-cotorsion pair, where S,S

′ ⊆ R-mod. The main purpose of section

5.3 is to generalize the results of Holm and Jørgensen [27, Theorem 3.4, p. 697] (see Theo-

rem 5.3.1) and [28, Theorem 3.1(c), p. 629] (see Theorem 5.3.2) to the case of S-cotorsion

pairs. This is in Theorem 5.3.11 and Corollary 5.3.12 respectively. In the final section we

provide some examples and applications of some results in this chapter. For example, in

Example 5.4.2 we show that if S = addS ⊆ R-mod contains {RR}, then by using Corol-

lary 4.2.25 and Corollary 5.3.12 we have that (lim
−→

S,(lim
−→

S)⊥S) is a perfect S-cotorsion pair.

In particular, (lim
−→

S)⊥S is enveloping in R-Mod.
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Background

In this chapter we give the background material used throughout the thesis. For other basic

definitions, results and notations, we refer the reader to [6], [7], [19], [52], [62] and [79] as

background references.

2.1 Homological algebra

Background material for this section can be found in [79].

A sequence · · · −→Mi−1
fi−1−→Mi

fi−→Mi+1
fi+1−→ ·· · (infinite or finite) of left R-modules

connected by R-homomorphisms is said to be exact at Mi if ker( fi) = im( fi−1), and is exact

if it is exact at each Mi (except at the ends).

An exact sequence of left R-modules of the form 0→ A
f→ B

g→C→ 0 is called a short

exact sequence or an extension of C by A.

Recall that a monomorphism f ∈ HomR(A,B) is said to be a split monomorphism if

there exists h ∈ HomR(B,A) such that h f = 1A. An epimorphism g ∈ HomR(B,C) is said to

be a split epimorphism if there exists h ∈ HomR(C,B) such that gh = 1C.

Lemma 2.1.1 [79, 8.3, p. 58] For a short exact sequence 0→ A
f→ B

g→ C→ 0 of left

R-modules the following statements are equivalent:

(1) f is a split monomorphism;

(2) g is a split epimorphism;

(3) im( f )(= ker(g)) is a direct summand in B.

Recall that a short exact sequence 0→ A
f→ B

g→C→ 0 of left R-modules which satisfies

18
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the equivalent conditions of Lemma 2.1.1 is said to be split.

Lemma 2.1.2 [62, Proposition 2.28, p. 52] If an exact sequence 0→ A→ B→C→ 0 of left

R-modules is split, then B' A⊕C.

Lemma 2.1.3 Given a commutative diagram with exact rows,

M N// N L// L 0//

M
′

N
′// N
′

L
′// L
′

0,//

M

M
′

f
��

N

N
′

g
��

L

L
′

h
��

there exists a unique R-homomorphism h : L→ L
′
making the augmented diagram commute.

Moreover, h is an isomorphism if f and g are isomorphisms.

PROOF: See [62, Proposition 2.70, p. 89]. r

Lemma 2.1.4 (Homotopy Lemma) Given a commutative diagram with exact rows,

M1 M2
f1 // M2 M3

f2 // M3 0//

N1 N2
g1 // N2 N3 .

g2 //0 N1//

M1

N1

ϕ1
��

M2

N2

ϕ2
��

M3

N3 .

ϕ3
��

Then the following statements are equivalent:

(1) there exists α : M3→ N2 with g2α = ϕ3;

(2) there exists β : M2→ N1 with β f1 = ϕ1.

PROOF: See [79, Lemma 7.16(4), p. 53]. r

Lemma 2.1.5 (see [72, Exercise 5, p. 44]) Let {Mi}i∈I be a class of left R-modules and let

N be any left R-module. Then:

(1) HomR(N, ∏
i∈I

Mi)' ∏
i∈I

HomR(N,Mi)

(2) HomR(
⊕
i∈I

Mi,N)' ∏
i∈I

HomR(Mi,N)

Lemma 2.1.6 (see, e.g. [62, Theorem 2.75, p. 92]) Let R and K be rings, A a right R-module,

B an (R,K)-bimodule, and C a right K-module. Then:

HomK(A⊗R B,C)' HomR(A,HomK(B,C)).
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Lemma 2.1.7 (see [22, Lemma 6.1, p. 33]) In the tensor product A⊗R B of the R-modules

A,B, a relation ∑
n
i=1(ai⊗bi) = 0 (ai ∈ A,bi ∈ B)

holds if and only if there exist elements c j ∈ B ( j = 1, ...,m) and ri j ∈ R (i = 1, ...,n; j =

1, ...,m) such that bi = ∑
m
j=1 ri jc j for all i and ∑

n
i=1 airi j = 0 for all j.

2.1.1 Injective and projective modules

Let Σ : 0→ A→ B→C→ 0 be an exact sequence of left R-modules. A left R-module M

is said to be injective relative to Σ if the sequence 0→ HomR(C,M)→ HomR(B,M)→

HomR(A,M)→ 0 is exact. Dually, a module M is said to be projective relative to Σ if the

sequence 0→ HomR(M,A)→ HomR(M,B)→ HomR(M,C)→ 0 is exact.

A left R-module M is said to be injective (resp. projective) if it is injective (resp.

projective) relative to every short exact sequence of left R-modules. We will use RInj (resp.

RProj) to denote the class of injective (resp. projective) left R-modules.

A module is said to be finitely presented if it is the factor module of a free module of

rank n modulo a m-generated submodule, for some n,m ∈ Z+.

We will use R-Mod (resp. Mod-R) to denote the class of left (resp. right) R-modules.

Also, we use R-mod (resp. mod-R) to denote the class of finitely presented left (resp. right)

R-modules.

Lemma 2.1.8 (see, e.g. [72, Lemma 13.2, p. 42]) A right R-module M is finitely presented

if and only if ϕ : M⊗R (∏
i∈I

Bi)→ ∏
i∈I
(M⊗R Bi) is an isomorphism for every family {Bi}i∈I

of left R-modules, where ϕ is defined by ϕ(a⊗ (bi)i∈I) = (a⊗ bi)i∈I for every a ∈ M and

(bi)i∈I ∈ ∏
i∈I

Bi.

Lemma 2.1.9 (see, e.g. [19, Theorem 3.2.11, p. 78]) Let R and K be rings, A a finitely

presented left R-module, B an (R,K)-bimodule, and E an injective right K-module. Then:

HomK(B,E)⊗R A' HomK(HomR(A,B),E).

Recall (see, e.g. [19, 3.2.7, p. 77]) that an injective R-module E is said to be an injective

cogenerator for R-Mod if HomR(M,E) 6= 0 for any R-module M 6= 0.

Lemma 2.1.10 (see, e.g. [19, Lemma 3.2.8, p. 77]) Let R and K be rings and E be an injec-

tive cogenerator for K-modules. Then a sequence 0→ A
ϕ→ B

ψ→C→ 0 of (R,K)-bimodules



CHAPTER 2. BACKGROUND 21

is exact if and only if the sequence 0→ HomK(C,E)
ψ∗→ HomK(B,E)

ϕ∗→ HomK(A,E)→ 0

of right R-modules is exact.

An injective resolution of a left R-module M is an exact sequence Σ : 0→M
α−1→ I0

α0→

I1
α1→ I2 → ··· in which each In is injective. Dually, a projective resolution of a left

R-module M is an exact sequence Σ : · · · → P2
α2→ P1

α1→ P0 → M→ 0 in which each Pn is

projective.

2.1.2 Extn
R(−,−) and TorR

n (−,−)

By a chain complex Σ of R-modules we mean a sequence

Σ : · · · →C2
α2→C1

α1→C0
α0→C−1

α−1→ C−2
α−2→ C−3→ ·· ·

of R-modules and R-homomorphisms such that αn−1 ◦αn = 0, for all n ∈ Z.

Similarly, by a cochain complex Σ of R-modules we mean a sequence

Σ : · · · →C−2
α−2→ C−1

α−1→ C0
α0→C1

α1→C2
α2→C3→ ···

of R-modules and R-homomorphisms such that αn ◦αn−1 = 0, for all n ∈ Z.

Let M,N ∈Mod-R and let n≥ 0. We can define ExtnR(N,M) as follows: take an injective

resolution of M: (Σ : 0→M α→ I0
d0→ I1

d1→ I2→·· · ). Let Σ0 be the deleted injective resolution

of M (i.e., the cochain complex Σ0 : 0→ I0
d0→ I1

d1→ I2→ ·· ·).

Applying the functor HomR(N,−) on Σ0, we obtain a cochain complex:

0→ HomR(N, I0)
d~

0→ HomR(N, I1)
d~

1→ HomR(N, I2)→ ··· ,

where d~n : HomR(N, In) → HomR(N, In+1) is defined by d~n ( f ) = dn f , for all

f ∈ HomR(N, In).

Define ExtnR(N,M) to be the cohomology group:

ExtnR(N,M) = Hn(HomR(N,Σ0)) = (kerd~n )/(imd~n−1), n = 0,1,2, . . . , where d~−1 = 0.

Also we can define TorR
n (−,−) as follows: let M ∈ R-Mod, let N ∈ Mod-R and let

n ∈ Z+. Let Σ : · · · → F2
d2→ F1

d1→ F0
α→ N→ 0 be a projective resolution of N and let Σ0 be

the deleted projective resolution of N (i.e., the chain complex Σ0 : · · ·→ F2
d2→ F1

d1→ F0→ 0).

Then we have a chain complex: · · · → F2⊗R M
d2⊗R1M−→ F1⊗R M

d1⊗R1M−→ F0⊗R M→ 0.
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Define TorR
n (N,M) to be the homology group:

TorR
n (N,M) = Hn(Σ0⊗R M) = ker(dn⊗R 1M)/im(dn+1⊗R 1M), n = 1,2, . . ..

2.1.3 Direct limits of modules

A partially ordered set (I,≤) is said to be directed if it is non-empty and for any two

elements i, j ∈ I, there exists (at least one) k ∈ I with i≤ k and j ≤ k.

Let (I,≤) be a directed set. A direct system of left R-modules (Mi, fi j)I consists of

(1) a family of left R-modules {Mi}i∈I and

(2) a family of R-homomorphisms fi j : M j→Mi for all pairs (i, j) with j ≤ i, satisfying

fii = 1Mi and fk j f ji = fki for i≤ j ≤ k.

A direct system of homomorphisms from (Mi, fi j)I into an R-module M is a family of

homomorphisms {αi : Mi→M}i∈I with α j f ji = αi whenever i≤ j.

Definition 2.1.11 (see, e.g. [79, 24.1, p. 197]) The direct limit of a direct system (Mi, fi j)I

of left R-modules is a direct system of homomorphisms {gi : Mi→M}I where M ∈ R-Mod

is such that if {hi : Mi→ N}I is another direct system of homomorphisms with N ∈ R-Mod,

then there is a unique R-homomorphism f : M→ N such that f gi = hi for all i ∈ I.

If {g′i : Mi→ M′}I is another direct limit of (Mi, fi j)I , then by definition there is a ho-

momorphism h : M→M′ which is easily seen to be an isomorphism with hgi = g
′
i for i ∈ I.

Hence M is uniquely determined up to isomorphism. The direct limit {gi : Mi → M}I is

denoted by lim
−→

Mi.

Let F ⊆ R-Mod. We will use lim
−→
F to denote the class of direct limits of direct systems

of modules in F .

Lemma 2.1.12 (see [65, Lemma 2, p. 454]) Every module is a direct limit of finitely pre-

sented modules.

2.2 Pure exact sequences and derived notions

Background material for this section can be found in [52] and [79].

The concept of purity plays an important role in our analysis of a module category. It

goes back to Cohn [13] and has been further developed by various mathematicians. In this

section we collect the basic facts about this concept.
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2.2.1 Pure exact sequences

A short exact sequence 0→ A
f→ B

g→ C→ 0 of left R-modules is said to be pure if the

sequence 0→HomR (M,A)→HomR (M,B)→HomR (M,C)→ 0 is exact, for every finitely

presented left R-module M; in this case f is said to be a pure monomorphism and g is said

to be a pure epimorphism. A submodule A of a left R-module B is a pure submodule of B

if the canonical exact sequence 0→ A i→ B π→ B/A→ 0 is pure.

Theorem 2.2.1 (see [20, Theorem 1.27, p. 15]) Let 0→ A→ B→ C→ 0 be an exact se-

quence of left R-modules. The following statements are equivalent.

(1) The sequence 0→ A→ B→C→ 0 is pure.

(2) For every finitely presented right R-module M the induced sequence of abelian

groups 0→M⊗R A→M⊗R B→M⊗R C→ 0 is exact.

(3) For every right R-module M the induced sequence of abelian groups 0→M⊗R A→

M⊗R B→M⊗R C→ 0 is exact.

Lemma 2.2.2 (see [52, Lemma 2.1.2, p. 44]) (1) If A is a direct summand of B, then the

embedding of A into B is pure.

(2) Any direct product of pure monomorphisms is a pure monomorphism.

In this work, the notation M∗ is used to denote the E-dual of an R-module M (i.e.,

M∗ = HomK(M,E)), where R is an algebra over a commutative ring K and E is an injective

cogenerator for K-Mod. If we apply ∗ over all left R-modules, then we say that ∗ is the

duality on R-Mod induced by KE. If R is an algebra over a field k, then M∗ will denote the

k-dual, Homk(M,k). Also, we use M? to denote the character module M? =HomZ(M,Q/Z)

(i.e., the Q/Z-dual of M).

Lemma 2.2.3 (see [20, 1.28, p. 16]) An exact sequence of right R-modules 0→ A→ B→

C→ 0 is pure if and only if the exact sequence of left R-modules 0→C∗→ B∗→ A∗→ 0

is split.

For every left (or right) R-module M, there is a canonical monomorphism δM : M→M∗∗

defined by (δM(a))( f ) = f (a) for every a ∈M, f ∈M∗.

Lemma 2.2.4 (see, e.g. [20, 1.30, p. 17]) Let M be a left R-module. Then the canonical

monomorphism δM : M→M∗∗ is pure.
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Lemma 2.2.5 (see [36, Proposition 2.1, p. 736]) Let M be a left R-module and let F ⊆

R-mod such that F = addF . Then M ∈ lim
−→
F if and only if there is a pure epimorphism

α :
⊕
i∈I

Fi→M with modules Fi from F .

For the following lemma see [79, 33.9, p. 280].

Lemma 2.2.6 (1) For every family {Mi}i∈I of left R-modules, the canonical embedding

f :
⊕
i∈I

Mi→ ∏
i∈I

Mi is pure.

(2) For every direct system (Mi, fi j)I of left R-modules, the canonical epimorphism

η :
⊕
i∈I

Mi→ lim
−→

Mi is pure.

Recall that a left R-module M is said to be absolutely pure if every embedding M→ N

in R-Mod is pure. Let RAPure (resp. APureR) denote the class of absolutely pure left (resp.

right) R-modules.

Lemma 2.2.7 (see [52, Propositions 2.3.1 and 2.3.2]) For any left R-module M the follow-

ing statements are equivalent:

(1) M is absolutely pure;

(2) Ext1R(N,M) = 0 for every finitely presented left R-module N;

(3) M is a pure submodule of an injective left R-module.

A left R-module M is said to be flat if, for every exact sequence of right R-modules

0→ A
f→ B

g→C→ 0, the sequence 0→ A⊗R M
f⊗1M−→ B⊗R M

g⊗1M−→ C⊗R M→ 0 is exact.

We will use RF lat (resp. F latR) to denote the class of flat left (resp. right) R-modules.

Lemma 2.2.8 (see [19, Theorems 2.1.8 and 3.2.10]) For any left R-module M the following

statements are equivalent:

(1) M is flat;

(2) TorR
1 (N,M) = 0 for every right R-module N;

(3) TorR
1 (N,M) = 0 for every finitely presented right R-module N.

Lemma 2.2.9 (see [52, Proposition 2.3.14, p. 62]) A left R-module M is flat if and only if

every exact sequence 0→ A→ B→M→ 0 of left R-modules is pure.

Lemma 2.2.10 (see [19, Theorem 3.1.9, p. 70]) A right R-module M is injective if and only

if Ext1R(N,M) = 0 for all right R-modules N.



CHAPTER 2. BACKGROUND 25

Theorem 2.2.11 (see [34, Theorem, p. 239]) A left R-module M is flat if and only if M? is

injective.

2.2.2 Pure-injective and pure-projective modules

A left R-module M is said to be pure-injective (resp. pure-projective) if it is injective

(resp. projective) relative to every pure exact sequence of left R-modules. We will use RPinj

(resp. RPproj) to denote the class of pure-injective (resp. pure-projective) left R-modules.

Proposition 2.2.12 (see, e.g. [52, Proposition 4.3.29, p. 151]) If M is a left R-module, then

M∗ = HomK(M,E) is a pure-injective right R-module.

Definition 2.2.13 (see, e.g. [52, 4.3.16, p. 146]) Let M be a left R-module. The pure-

injective hull of M is a pure-injective module PE(M) and a pure-embedding j : M→PE(M)

such that if f j is a pure embedding for some f ∈ HomR(PE(M),N) then f also must be a

pure embedding.

Theorem 2.2.14 (see, [52, Theorem 4.3.18, p. 147]) Every left R-module M has a pure-

injective hull j : M → PE(M) which is unique to isomorphism over M: if g : M → N is

any second pure injective hull of M, there exists an isomorphism f : PE(M)→ N such that

f j = g.

Recall that a left R-module M is said to be Σ-pure-injective if the direct sum M(I) of

copies of M is pure-injective.

A ring R is said to be left pure-semisimple if every left R-module is pure-injective, in

which case every left R-module is, by the definition, Σ-pure-injective.

All classes of modules in this thesis will be assumed to be closed under isomorphism.

Definition 2.2.15 A class F of left R-modules is said to be closed under:

(1) direct summands (resp. pure submodules) if, given M ∈ F , then every direct sum-

mand (resp. pure submodule) of M is in F .

(2) direct products (direct sums) if, whenever {Mi}i∈I is a subclass of F , then ∏
i∈I

Mi ∈F

(resp. ⊕
i∈I

Mi ∈ F).
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(3) direct limits if, whenever (Mi, fi j)I is a direct system of modules in F , then

lim
−→

Mi ∈ F .

(4) pure quotient modules (or pure homomorphic images) if, given M ∈ F , then every

pure homomorphic image of M is in F .

(5) extensions (resp. pure extensions) if, whenever 0→ L→ M → N → 0 is a (resp.

pure) short exact sequence in which L and N are in F , then M ∈ F .

(6) pure-injective hulls if the pure-injective hull of every module in F is also in F .

2.2.3 S-purity

Let S be a class of left R-modules. Following Warfield [75], an exact sequence 0→ A
f→

B
g→ C → 0 of left R-modules is said to be S-pure if the sequence 0→ HomR (M,A)→

HomR (M,B)→ HomR (M,C)→ 0 is exact, for all M ∈ S; in this case f is said to be an

S-pure monomorphism and g is said to be an S-pure epimorphism. Note that S-pure =

S∪{RR}-pure. If S = R-mod then a short exact sequence of modules is S-pure if and only if

it is pure.

Lemma 2.2.16 (see [79, 33.2, p. 275]) Let S ⊆ R-mod and let f : K → L, g : L→ N be

R-homomorphisms.

(1) (i) If f and g are S-pure epimorphisms, then g f is also a S-pure epimorphism.

(ii) If g f is a S-pure epimorphism, then g is a S-pure epimorphism.

(2) (i) If f and g are S-pure monomorphisms, then g f is a S-pure monomorphism.

(ii) If g f is a S-pure monomorphism, then f is a S-pure monomorphism.

Let P be a class of short exact sequences of left R-modules. If 0→ A
f→ B

g→ C→ 0

belongs to P , then f is called a P-monomorphism and g a P-epimorphism.

Recall (see e.g., [37, p. 367] ) that a class P of short exact sequences of left R-modules

is said to be a proper class if it satisfies the following axioms.

(P1) P is closed under isomorphisms.

(P2) P contains all split short exact sequences of left R-modules.

(P3) For every pair of R-homomorphisms f : K→ L and g : L→ N then:

(1) If f and g are P-epimorphisms, then g f is also a P-epimorphism.

(2) If g f is a P-epimorphism, then g is a P-epimorphism.
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(3) If f and g are P-monomorphisms, then g f is a P-monomorphism.

(4) If g f is a P-monomorphism, then f is a P-monomorphism.

Let S ⊆ R-mod. We will use PS to denote the class of S-pure short exact sequences of

left R-modules. Since PS is closed under isomorphisms and contains all split short exact

sequences of left R-modules it follows from Lemma 2.2.16 that PS is a proper class.

Lemma 2.2.17 (see [79, 33.4(2), p. 277]) Let S⊆ R-mod. If the commutative diagram

K L1
f1 //

L2 N
g2 //

K

L2

f2
��

L1

N

g1

��

is a pushout and f1 is a S-pure monomorphism, then g2 is also a S-pure monomorphism.

A module M is said to be S-pure-injective (resp. S-pure-projective), if M is injective

(resp. projective) relative to every S-pure exact sequence of modules. We denote by S-Pinj

(resp. S-Pproj) the class of S-pure-injective (resp. S-pure-projective) left R-modules.

The class S-Pinj (resp. S-Pproj) is closed under direct summands and direct products

(resp. direct sums), see for example [79, p. 278-279].

If S is the class of (1,1)-presented left R-modules, then any S-pure exact sequence is

called RD-pure. A left R-module M is RD-injective (resp. RD-projective) if M is injective

(resp. projective) relative to every RD-pure exact sequence of left R-modules. We will use

RD-InjR to denote the class of RD-injective right R-modules. Also, we will use RRD-Proj

(resp. RD-ProjR) to denote the class of RD-projective left (resp. right) R-modules.

Theorem 2.2.18 (see [79, 33.6, p. 278]) Let S⊆ R-mod. Then a left R-module M is S-pure-

projective if and only if every S-pure exact sequence 0→ L→N→M→ 0 of left R-modules

splits.

Theorem 2.2.19 (see [79, 33.7, p. 279]) Let S⊆ R-mod. Then a left R-module M is S-pure-

injective if and only if every S-pure exact sequence 0→M→ N→ L→ 0 of left R-modules

splits.



CHAPTER 2. BACKGROUND 28

2.3 (Pre)-Covers and (Pre)-envelopes

Background material on (Pre)-Covers and (Pre)-envelopes can be found in [19] and [81].

Definition 2.3.1 (see, e.g. [19, 5.1.1, p. 105]) Let F ⊆ R-Mod and let M ∈ R-Mod. An

F-precover of M is an R-homomorphism f : N → M with N ∈ F such that for each

R-homomorphism g : F → M with F ∈ F there is a homomorphism h : F → N such that

f h = g. This can be expressed by the diagram

F

N

h

}}
N M

f //

F

M

g

��

The homomorphism f : N→M is said to be right minimal if every h ∈ EndR(N) such that

f h = f is an automorphism. An F-precover f : N→M of a left R-module M is said to be an

F-cover of M if f is right minimal. We say that a class F is precovering (resp. covering)

if every module in R-Mod has an F-precover (resp. F-cover).

Theorem 2.3.2 (see [27, Theorem 2.5, p. 696]) Let F be a class of left R-modules which is

closed under pure quotient modules. Then the following statements are equivalent.

(1) F is closed under direct sums.

(2) F is precovering.

(3) F is covering.

Definition 2.3.3 (see, e.g. [19, 6.1.1., p. 129]) Let F ⊆ R-Mod and let M ∈ R-Mod. An

F-preenvelope of M is an R-homomorphism f : M → N with N ∈ F such that for each

R-homomorphism g : M → F with F ∈ F there is a homomorphism h : N → F such that

h f = g. This can be expressed by the diagram

M N
f //M

F

g

��

N

F

h

}}

The homomorphism f : M→ N is said to be left minimal if every h ∈ EndR(N) such that

h f = f is an automorphism. An F-preenvelope f : M→ N of a left R-module M is said to

be an F-envelope of M if f is left minimal. We say that a class F is preenveloping (resp.

enveloping) if every module in R-Mod has an F-preenvelope (resp. F-envelope).
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Lemma 2.3.4 (see [32, 3.15, p. 29]) Let F be a class of pure-injective left R-modules which

is closed under direct summands. Then the following statements are equivalent.

(1) F is closed under direct products.

(2) F is preenveloping.

(3) F is enveloping.

Lemma 2.3.5 (see [57, 3.5(c), p. 904]) Let F be a class of left R-modules closed under pure

submodules. Then F is preenveloping if and only if F is closed under direct products.

2.4 Ziegler spectrum and full support topology

2.4.1 Definable subclasses

See for instance [52, Section 3.4.1] for details about definable subclasses.

Definition 2.4.1 (see [52, 3.4.7, p. 107]) A subclass X of R-Mod is said to be definable if

it is closed under direct products, direct limits and pure submodules.

Theorem 2.4.2 (see [52, 3.4.8, p. 109]) Every definable subcategory of R-Mod is closed in

R-Mod under pure-injective hulls and images of pure epimorphisms.

Definition 2.4.3 (see [52, p. 109]) Let X ⊆ R-Mod. The definable subcategory generated

by X is the intersection of all definable subcategories containing X . We use < X > to

denote the definable subcategory generated by the class X .

Let S be a definable class of modules. We will use D(S) to denote the elementary dual

of S. The original definition of the elementary dual uses model theory [24] but D(S) can be

defined to be the class of pure submodules of the form M∗ where M ∈ S.

Lemma 2.4.4 (see [52, 3.4.18, p. 113]) If S is any definable subcategory of R-Mod then

D(S) is definable and D2(S) = S.

Lemma 2.4.5 (see [52, 3.4.20, p. 113]) Let S be a definable subcategory of Mod-R. If M ∈ S,

then M∗ ∈ D(S).

Lemma 2.4.6 (see [52, 3.4.21, p. 113]) For any left R-module M, the double dual M∗∗ be-

longs to the definable subcategory generated by M: M∗∗ ∈< M >.
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2.4.2 Ziegler spectrum and full support topology

Background material on the Ziegler spectrum and full support topology can be found in [52,

Chapter 5].

A non-zero left R-module M is called indecomposable if 0 and M are the only direct

summands of M. Let Rpinj be the set of isomorphism classes of indecomposable pure-

injective left R-modules. The Ziegler spectrum of a ring R is a topological space which

was introduced by Ziegler in [86], the underlying set of which is the set Rpinj. The closed

sets of this topology are exactly those of the form X ∩ Rpinj with X ⊆ R-Mod a definable

subcategory.

Theorem 2.4.7 [52, Theorem 5.1.1, p. 211] The closed sets of the Ziegler topology are

exactly those of the form X ∩ Rpinj with X ⊆ R-Mod a definable subcategory.

Recall the following from [52, 5.3.63, p. 264].

Definition 2.4.8 A subclass X of R-Mod is said to be type-definable if it is closed under

direct products, pure submodules and pure-injective hulls.

Burke in [10] introduced a topology on the set Rpinj, which Burke called the full support

topology. The closed sets of this topology are exactly those of the form X ∩ Rpinj with

X ⊆ R-Mod a type-definable subcategory.

Theorem 2.4.9 [52, Theorem 5.3.64, p. 265] The closed sets of the full support topology

are exactly those of the form X ∩ Rpinj with X ⊆ R-Mod a type-definable subcategory.



Chapter 3

Purities

Purity for modules over general rings was defined in [13] and many relative versions of

purity have been considered since then. We consider those purities which, like the original

one, are determined by classes S of finitely presented modules. We present a number of

characterizations of S-pure exact sequences and of the associated classes of relatively pro-

jective and relatively injective modules. We also show the relation between the purity for

left modules which is determined by S and the purity for right modules determined by S;

this is said most directly in terms of the matrices presenting the modules in S.

Al-Kawarit and Cauchot [1] gave conditions in the context of commutative rings under

which purities determined by matrices of certain sizes are different. We obtain related results

over semiperfect rings and we also consider this question in detail over finite-dimensional

algebras.

Over finite-dimensional algebras we give a description of the S-pure-injective modules in

terms of the type-definable category generated by τS where τ is Auslander-Reiten translate

and, in the case of tame hereditary algebras, using results from [52] and [59], we give a

complete description of these modules.

Finally we give a number of characterizations of rings whose indecomposable modules

are S-pure-projective.

Let n,m ∈ Z+. We use the notation M
n×m

(R) for the set of all n×m matrices over R. All

matrices in this thesis are matrices with finitely many rows and finitely many columns.

An R-module M is said to be (n,m)-presented if it is the factor module of the module Rn

modulo an m-generated submodule. Let H be an n×m matrix over R. Then right (resp. left)

31



CHAPTER 3. PURITIES 32

multiplication by H determines a homomorphism ρH : RRn→ RRm (resp. λH : Rm
R → Rn

R).

Thus H determines the (m,n)-presented left R-module Rm/im(ρH); we will denote it by

LH . Also, H determines the (n,m)-presented right R-module Rn/im(λH); we will denote it

by DH . Let H be a set of matrices over a ring R; we will denote by LH the class of left

R-modules {LH | H ∈ H} and by DH the class of right R-modules {DH | H ∈ H}. In view

of Proposition 3.1.2 below we may, where convenient, interpret L /0 as {RR} and D /0 as {RR}.

Throughout this chapter we will use the following conventions.

If S and T are classes of finitely presented left R-modules, we will denote by H and K

sets of matrices over R such that LH-purity = S-purity and LK-purity = T -purity.

3.1 Purities

The following theorem collects together and extends results from the literature (in particular

see [20] and [79]).

Theorem 3.1.1 Let R be an algebra over a commutative ring K and let E be an injective

cogenerator for K-modules. Let S be a class of finitely presented left R-modules and let

Σ :0→ A
f→ B

g→C→ 0 be an exact sequence of left R-modules. Then the following state-

ments are equivalent.

(1) Σ is an S-pure exact sequence of left R-modules.

(2) For any two positive integers n,m, for any n×m matrix H in H and for all c ∈Cm,

if H c = 0, then there is b ∈ Bm with gb = c and H b = 0.

(3) For any two positive integers n,m, for any n×m matrix H inH and for all a ∈ An, if

the matrix equation H x = f a has a solution in Bm then the equation H x = a has a solution

in Am.

(4) The sequence 0→M⊗R A→M⊗R B→M⊗R C→ 0 is exact, for all M ∈ DH.

(5) For any two positive integers n,m and for any n×m matrix H in H, for every com-

mutative diagram of left R-modules

Rn RmρH //

0 A// A B
f //

Rn

A

α

��

Rm

B
��
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there exists a homomorphism β : Rm→ A such that α = βρH .

(6) The dual exact sequence of right R-modules 0→ C∗→ B∗→ A∗→ 0 is DH-pure,

where M∗ = HomK(M,E).

PROOF: (1)⇒ (2) Let n,m be any two positive integers and let H be any n×m matrix over

R with H ∈ H. Let c ∈ Cm such that H c = 0. Let ei (i = 1, ...,m) be canonical generators

of RRm and let π : RRm → LH be the canonical epimorphism. Then LH is generated by

l1, ..., lm, where li = π(ei) and H l = 0, where l =


l1
...

lm

. Define h : LH → C as follows:

let x ∈ LH ; thus x =
m
∑

i=1
sili, for some si ∈ R. Define h(x) =

m
∑

i=1
sici. It is clear that h is

a well-defined R-homomorphism. By hypothesis, there is an R-homomorphism α : LH → B

such that gα = h. Set b = α l. Since H l = 0, thus H b = H(α l) = αH l = α0 = 0. Also,

gb = gα l = hl = c.

(2)⇒ (3) Let n,m be any two positive integers and let H be any n×m matrix over R

with H ∈ H. Let a ∈ An such that the matrix equation H x = f a has a solution in Bm. Thus

there is b ∈ Bm such that H b = f a and hence H(gb) = gH b = g f a = 0. By hypothesis,

there is b′ ∈ Bm such that H b′ = 0 and gb′ = gb. Let b′′ = b−b′. Then gb′′ = gb−gb′ = 0

and hence b′′ ∈ (ker(g))m = (im( f ))m. Thus there is a′′ ∈ Am such that f a′′ = b′′. Hence

f H a′′=H( f a′′) =H b′′=H b−H b′=H b= f a. Since f is an R-monomorphism, H a′′=

a. Therefore, the matrix equation H x = a has a solution in Am.

(3)⇒ (1) Let L ∈ LH, thus there is n×m matrix H ∈ H for some n,m ∈ Z+ such that

L = LH . Let ei (i = 1, ...,m) be canonical generators of RRm and let π : RRm → LH be the

canonical epimorphism. Then L is generated by l1, ..., lm, where li = π(ei) and H l = 0,

where l =


l1
...

lm

 . Let h : L→ C be any R-homomorphism and set c = hl. Then H c =

H(hl) = hH l = 0. Since g is an R-epimorphism, there is b ∈ Bm such that gb = c. Then

gH b = H(gb) = H c = 0 and hence H b ∈ (ker(g))n = (im( f ))n. Thus there is a ∈ An such

that H b = f a and hence the matrix equation H x = f a has a solution in Bm. By hypothesis,

the matrix equation H x= a has a solution in Am and hence there is a′ ∈Am such that H a′= a.

Set b′= b− f a′. Then H b′= H b−H( f a′) = f a− f H a′= f a− f a = 0. Define α : L→ B



CHAPTER 3. PURITIES 34

as follows: let x ∈ L; thus x =
m
∑

i=1
sili, for some si ∈ R. Define α(x) =

m
∑

i=1
sib′i. It is clear that

α is a well-defined R-homomorphism and gb′ = gb− g f a′ = gb = c. Let x ∈ L; thus x =
m
∑

i=1
sili, for some si ∈ R and (gα)(x) = (gα)(

m
∑

i=1
sili) = g(α(

m
∑

i=1
sili)) = g(

m
∑

i=1
sib′i) =

m
∑

i=1
sici =

m
∑

i=1
sih(li) = h(

m
∑

i=1
sili) = h(x). Therefore, the sequence 0→ HomR(L,A)→ HomR(L,B)→

HomR (L,C)→ 0 is exact and hence Σ is an S-pure exact sequence of left R-modules.

(3)⇒ (4) Let H ∈ H and let x ∈ DH ⊗R A be such that (1DH ⊗ f )(x) = 0.

Let ei (i = 1, ...,n) be canonical generators of Rn
R and let π : Rn

R → DH be the canonical

epimorphism. Then DH is generated by d1, ...,dn, where di = π(ei) and defining relations

are
n
∑

i=1
diri j = 0, for all j = 1, ...,m. Thus x =

n
∑

i=1
di⊗ai, for ai ∈ A and hence

n
∑

i=1
di⊗ f (ai) =

(1DH⊗ f )(
n
∑

i=1
di⊗ai) = (1DH⊗ f )(x) = 0. By [62, Lemma 3.68, p. 147], there exist elements

b j ∈ B ( j = 1, ...,m) such that f (ai) =
m
∑
j=1

ri jb j, (i = 1, ...,n) and hence the matrix equation

H x = f a has a solution in Bm. By hypothesis, the matrix equation H x = a has a solution

in Am and hence there are elements c j ∈ A ( j = 1, ...,m) such that
m
∑
j=1

ri jc j = ai, for all

i = 1, ...,n. Thus x =
n
∑

i=1
di⊗ai =

n
∑

i=1
(di⊗

m
∑
j=1

ri jc j) =
m
∑
j=1

(
n
∑

i=1
diri j)⊗c j =

m
∑
j=1

0⊗c j = 0 and

hence 1DH ⊗ f is a Z-monomorphism. Therefore, the sequence 0→M⊗R A→M⊗R B→

M⊗R C→ 0 is exact, for all M ∈ DH.

(4)⇒ (3) Let n,m be any two positive integers and let H = (ri j)i j be any n×m matrix

over R with H ∈ H. Let a ∈ An such that the matrix equation H x = f a has a solution

in Bm. Thus there exists b ∈ Bm such that H b = f a and hence
m
∑
j=1

ri jb j = f (ai), for all

i = 1, ...,n, where a =


a1
...

an

 and b =


b1
...

bm

 . Let ei (i = 1, ...,n) be canonical generators

of Rn
R and let π : Rn

R→DH be the canonical epimorphism. Then DH is generated by d1, ...,dn,

where di = π(ei) and defining relations are
n
∑

i=1
diri j = 0, for all j = 1, ...,m. By

Lemma 2.1.7,
n
∑

i=1
(di⊗ f (ai)) = 0 and hence (1DH ⊗ f )(

n
∑

i=1
(di⊗ ai)) = 0. By (4) , 1DH ⊗ f

is a Z-monomorphism and hence
n
∑

i=1
di⊗ ai = 0. By [62, Lemma 3.68, p. 147], there exist

elements h j ∈ A( j = 1, ...,m) such that ai =
m
∑
j=1

ri jh j, (i = 1, ...,n). Therefore, the matrix

equation Hx = a has a solution in Am.

(1)⇔ (5) This follows by Lemma 2.1.4.
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(1)⇒ (6) Let H ∈H. By hypothesis, the sequence 0→ HomR(LH ,A)→ HomR(LH ,B)

→HomR(LH ,C)→ 0 of K-modules is exact. Since E is an injective K-module, the sequence

0→ HomK(HomR(LH ,C),E)→ HomK(HomR(LH ,B),E)→ HomK(HomR(LH ,A),E)→ 0

is exact. Since E is an injective K-module and LH is a finitely presented left R-module it

follows from Lemma 2.1.9 that HomK(M,E)⊗R LH ' HomK(HomR(LH ,M),E), for any

left R-module M and hence the sequence 0→HomK(C,E)⊗R LH →HomK(B,E)⊗R LH →

HomK(A,E)⊗R LH → 0 is exact. Thus the dual exact sequence of right R-modules 0→

C∗→ B∗→ A∗→ 0 is DH-pure.

(6)⇒ (1) This is proved by reversing the argument of (1)⇒ (6) . r

Note that there is a right hand version of Theorem 3.1.1 (and of many of the results we

state) which is obtained by making obvious modifications to the statement and proof.

We use Add(T ) (resp. add(T )) to denote the class of modules that are direct sum-

mands of direct sums (resp. finite direct sums) of modules from T. Also, we use Prod(T ) to

denote the class of modules that are direct summands of direct products of modules from T.

Let T be a class of finitely presented left R-modules. Note that if S ⊆ T then

every T -pure exact sequence of left R-modules is S-pure, so S-pure-injective implies T -pure-

injective and S-pure-projective implies T -pure-projective.

Proposition 3.1.2 (as [74, Proposition 1, p. 700]) Let S be a class of finitely presented left

R-modules and let M be a left R-module. Then:

(1) There exists an S-pure exact sequence of left R-modules 0→ K→ F→M→ 0 with

F being a direct sum of copies of modules in S∪{RR}.

(2) Add(S∪{RR}) is the class of S-pure-projective left R-modules.

Corollary 3.1.3 Let S be a class of finitely presented left R-modules. Then for any left

R-module N there is an S-pure monomorphism α : N → F∗ such that F is a direct sum of

copies of modules in DH∪{RR}.

PROOF: Let N be any left R-module. By the right hand version of Proposition 3.1.2, there

is a DH-pure exact sequence of right R-modules 0→ G
f→ F

g→ N∗→ 0 where F is a direct

sum of copies of modules in DH ∪{RR}. By the right hand version of Theorem 3.1.1, the
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dual exact sequence of left R-modules 0→ N∗∗
g∗→ F∗

f ∗→G∗→ 0 is LH-pure. The canonical

monomorphism δN : N → N∗∗ is pure (by Lemma 2.2.4) and hence it is LH-pure. Since a

composition of LH-pure monomorphisms clearly is LH-pure, g∗δN : N→ F∗ is an LH-pure

monomorphism. r

Let S be a class of left (or right)R-modules. We use S∗ to denote the class {M∗ |M ∈ S}.

Theorem 3.1.4 (as [75, Theorem 1]) Let S be a class of finitely presented left R-modules.

Then Prod((DH∪{RR})∗) is the class of S-pure-injective left R-modules.

PROOF: Let M be any S-pure-injective left R-module. By Corollary 3.1.3, there exists

an S-pure, hence split, monomorphism α : M→ F∗ where F =
⊕
i∈I

Fi with Fi ∈ DH∪{RR}.

Since F∗ = (
⊕
i∈I

Fi)
∗ ' ∏

i∈I
F∗i it follows that M ∈ Prod((DH∪{RR})∗).

Conversely, let H ∈ H and let Σ : 0 → A → B → C → 0 be any LH-pure exact se-

quence of left R-modules. By Theorem 3.1.1, the sequence DH ⊗R Σ :0→ DH ⊗R A→

DH ⊗R B→ DH ⊗R C→ 0 is exact. Since E is an injective K-module, the sequence 0→

HomK(DH ⊗R C,E)→ HomK(DH ⊗R B,E)→ HomK(DH ⊗R A,E)→ 0 is exact. This is

isomorphic to the sequence 0→ HomR(C,HomK(DH ,E))→ HomR(B,HomK(DH ,E))→

HomR(A,HomK(DH ,E))→ 0. That is, the sequence 0→ HomR(C,(DH)
∗)→

HomR(B,(DH)
∗)→ HomR(A,(DH)

∗)→ 0 is exact. Therefore, (DH)
∗ is LH-pure-injective.

Since the dual of any flat right R-module is an injective left R-module (see for instance

[19, Theorem 3.2.9, p. 77]), (RR)
∗ is injective and thus each module in (DH ∪ {RR})∗ is

S-pure-injective. It follows that every module in Prod((DH ∪{RR})∗) is S-pure-injective. r

Remark 3.1.5 By using Theorem 3.1.4, we deduce that F∗ in Corollary 3.1.3 is S-pure-

injective.

Proposition 3.1.6 Let S be a class of finitely presented left R-modules and let Σ : 0→ A→

B→ C→ 0 be any exact sequence of left R-modules. Then the following statements are

equivalent.

(1) Σ is S-pure.

(2) Every S-pure-injective left R-module is injective relative to Σ.
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(3) (DH)
∗ is injective relative to Σ, for all H ∈H.

(4) Every S-pure-projective left R-module is projective relative to Σ.

PROOF: (1)⇒ (2) and (1)⇒ (4) are obvious and (2)⇒ (3) is immediate from Theo-

rem 3.1.4.

(3)⇒ (1) Let H ∈H. By hypothesis, the sequence

0→HomR(C,HomK(DH ,E))→HomR(B,HomK(DH ,E))→HomR(A,HomK(DH ,E))→ 0,

equivalently, the sequence

0→ HomK(DH⊗R C,E)→ HomK(DH⊗R B,E)→ HomK(DH⊗R A,E)→ 0

is exact. Since E is an injective cogenerator for K-modules it follows from Lemma 2.1.10

that the sequence 0→ DH⊗R A→ DH⊗R B→ DH⊗R C→ 0 is exact. Thus Σ is S-pure.

(4)⇒ (1) This is immediate from Proposition 3.1.2, and the definition of S-pure exact

sequence. r

Proposition 3.1.7 (as [67, Propositions 2.4 and 3.5]) Let S be a class of finitely presented

left R-modules. Then for a left R-module M:

(1) M is S-pure-projective if and only if it is projective relative to every S-pure exact

sequence 0→ K→ G→ F → 0 of left R-modules where G is S-pure-injective;

(2) M is S-pure-injective if and only if M is injective relative to every S-pure exact

sequence 0→ K→ P→ L→ 0 of left R-modules where P is S-pure-projective.

PROOF: (1) (⇒) is obvious.

(⇐) Let 0→ A
µ→ B ν→ C → 0 be any S-pure exact sequence of left R-modules. By

Corollary 3.1.3 and Theorem 3.1.4, there is an S-pure exact sequence 0→ B λ→G
ρ→ N→ 0
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of left R-modules where G is S-pure-injective. We have the following pushout diagram:

0

B
��

0

C
��

0 A// A B
µ // B Cν //C 0//

0 A// A Gα // G D
β // D 0//

N N

A

A

B

G

λ

��
G

N

ρ

��

C

D

ϕ

��
D

N

δ

��
N

0
��

N

0
��

Since µ and λ are S-pure R-monomorphisms so is λ µ . Since α = λ µ, the exact se-

quence 0→ A α→ G
β→ D→ 0 is S-pure. Let ψ ∈ HomR(M,C). By hypothesis, there is

γ ∈HomR(M,G) such that βγ = ϕψ. We have ργ = δβγ = δϕψ = 0 so im(γ)⊆ ker(ρ) =

im(λ ) and hence γ = λγ
′

for some γ
′ ∈ HomR(M,B). Then we have ϕνγ

′
= βλγ

′
= βγ =

ϕψ. Since ϕ is a monomorphism, νγ
′
= ψ. Hence M is S-pure-projective.

(2) The proof is dual to that of (1) . r

Theorem 3 in [68, p. 507] is a special case of the following corollary if we take S =

R-mod.

Corollary 3.1.8 Let S be a class of finitely presented left R-modules. Then the following

statements are equivalent.

(1) For every S-pure exact sequence 0→ N → M→ K → 0 of left R-modules, if M is

S-pure-projective, then N is S-pure-projective.

(2) For every S-pure exact sequence 0→ N → M→ K → 0 of left R-modules, if M is

S-pure-injective, then K is S-pure-injective.

PROOF: (1)⇒ (2) Let 0→ N ν→ M
µ→ K → 0 be any S-pure exact sequence

of left R-modules where M is S-pure-injective. Let 0→ A α→ B
β→ C→ 0 be any S-pure

exact sequence of left R-modules where B is S-pure-projective. By hypothesis, A is S-pure-

projective. Let f : A→ K be any R-homomorphism. Thus there is an R-homomorphism

g : A→ M such that µg = f . Since M is S-pure-injective, there is an R-homomorphism
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h : B→ M such that hα = g. Put λ = µh, thus λα = (µh)α = µ(hα) = µg = f . Hence

K is injective relative to every S-pure exact sequence 0→ A→ B→ C → 0 where B is

S-pure-projective. By Proposition 3.1.7, K is S-pure-injective.

(2)⇒ (1) Let 0→ N ν→ M
µ→ K → 0 be any S-pure exact sequence of left R-modules

where M is S-pure-projective. Let 0→ A α→ B
β→ C → 0 be any S-pure exact sequence

of left R-modules where B is S-pure-injective. By hypothesis, C is S-pure-injective. Let

f : N → C be any R-homomorphism. Thus there is an R-homomorphism g : M→ C such

that gν = f . Since M is S-pure-projective, there is an R-homomorphism h : M → B such

that βh = g. Put λ = hν , thus βλ = βhν = gν = f . Hence N is projective relative to every

S-pure exact sequence 0→ A→ B→C→ 0 of left R-modules where B is S-pure-injective.

By Proposition 3.1.7, N is S-pure-projective. r

Examples 3.1.9 (1) Recall that a ring R is said to be von Neumann regular if for every

a in R there exists b in R such that a = aba. Let R be an infinite product of fields and let

S ⊆ R-mod. By [47, Example 1.34(1), p. 19], R is a commutative von Neumann regular

self-injective ring that is not semisimple. By [49, Corollary, p. 650], there is an ideal I of R

which is not projective. Since every short exact sequence of modules over a von Neumann

regular ring is pure (see, e.g. [79, 37.2, p. 314]) it follows that every exact sequence 0→

A→ B→ C → 0 of R-modules is S-pure and hence every S-pure-projective R-module is

projective. Thus I is an S-pure submodule of RR and it is not S-pure-projective. Hence

S-Pproj is not closed under S-pure submodules. By Corollary 3.1.8, S-Pinj is not closed

under S-pure quotient modules.

(2) Let R be a Dedekind domain (recall that an integral domain R is said to be a

Dedekind domain if every ideal of R is projective, for example the ring of integers Z).

By [25, Proposition 25, p. 257], every submodule of a pure-projective R-module is pure-

projective. By taking S = R-mod and applying Corollary 3.1.8 we have that RPinj is closed

under pure quotient modules, and in fact this is Proposition 27 in [25, p. 258].
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3.2 Comparing purities

There is a natural ordering on purities for left modules given by T -purity≤ S-purity if every

T -pure exact sequence is S-pure. In Theorem 3.2.1 we characterize this relation in various

ways and from this and Corollary 3.2.3 it follows that this partial order (indeed, as follows

directly from Theorem 3.2.1(4)), lattice for left modules is naturally isomorphic to that for

right modules.

Theorem 3.2.1 Let S and T be classes of finitely presented left R-modules. Then the fol-

lowing statements are equivalent.

(1) Every T -pure short exact sequence of left R-modules is S-pure.

(2) Every T -pure exact sequence 0→ A→ B→ C→ 0 of left R-modules where B is

T -pure-injective is S-pure.

(3) Every S-pure-projective left R-module is T -pure-projective.

(4) S⊆ add(T ∪{RR}).

(5) Every T -pure exact sequence 0→ A→ B→ C→ 0 of left R-modules where B is

T -pure-projective is S-pure.

(6) Every S-pure-injective left R-module is T -pure-injective.

(7) (DH)
∗ ⊆ Prod((DK∪RR)

∗).

(8) The corresponding assertions for right modules.

PROOF: (1)⇒ (2) and (1)⇒ (5) are obvious.

(2)⇒ (3) Let M be any S-pure-projective left R-module and let Σ : 0→ A→ B→C→ 0

be any T -pure exact sequence of left R-modules where B is T -pure-injective. By hypothesis,

Σ is S-pure and hence the sequence 0→HomR (M,A)→HomR (M,B)→HomR (M,C)→ 0

is exact. Thus M is projective relative to every T -pure exact sequence Σ : 0→ A→ B→

C→ 0 of left R-modules where B is T -pure-injective. By Proposition 3.1.7, M is T -pure-

projective.

(3)⇒ (4) This follows by Proposition 3.1.2.

(4)⇒ (1) Let Σ : 0→ A→ B→C→ 0 be any T -pure exact sequence of left R-modules

and let M ∈ S. By assumption and Proposition 3.1.2, M is T -pure-projective. Thus the

sequence 0→ HomR (M,A)→ HomR (M,B)→ HomR (M,C)→ 0 is exact. Therefore Σ is
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S-pure.

(5) ⇒ (6) Let M be any S-pure-injective left R-module and let Σ : 0 → A → B →

C → 0 be any T -pure exact sequence of left R-modules where B is T -pure-projective.

By hypothesis, Σ is S-pure and hence the sequence 0→ HomR (C,M)→ HomR (B,M)→

HomR (A,M)→ 0 is exact. It follows by Proposition 3.1.7 that M is T -pure-injective.

(6)⇒ (7) Let M ∈ (DH)
∗, thus M is an S-pure-injective left R-module (by The-

orem 3.1.4). By hypothesis, M is T -pure-injective so by Theorem 3.1.4 we have that

M ∈ Prod((DK∪RR)
∗).

(7)⇒ (1) Let Σ : 0→ A→ B→C→ 0 be any T -pure exact sequence of left R-modules.

Let H ∈H, thus by hypothesis, (DH)
∗ ∈ Prod((DK∪RR)

∗), hence (DH)
∗ is T -pure-injective,

in particular (DH)
∗ is injective relative to Σ. By Proposition 3.1.6, Σ is S-pure.

(1)⇒ (8) Let Σ : 0→ A→ B→ C → 0 be any DK-pure exact sequence of right R-

modules. By the right hand version of Theorem 3.1.1, the exact sequence of left R-modules

Σ∗ : 0→ C∗→ B∗→ A∗→ 0 is T -pure. By hypothesis, Σ∗ is S-pure and hence by Theo-

rem 3.1.1 again, Σ is DH-pure.

(8)⇒ (1) This follows by right/left symmetry. r

Recall (see [54, p. 353]) that a ring R is said to be an indiscrete ring if the only closed

sets of the Ziegler spectrum over R are the trivial closed sets, i.e., /0 and the whole space.

Remark 3.2.2 As an application of Theorem 3.2.1 we have that if R is an indiscrete ring

but is not von Neumann regular (see for example [54, 2.2, p. 357]) then, although the

Ziegler topology is trivial, the full support topology is not. To see that the full support

topology is not trivial, note that not every embedding between R-modules is pure. There-

fore an {RR}-pure exact (that is, exact) sequence need not be pure exact (= (R-mod)-pure

exact). Hence (R-mod)-pure-injective (=pure-injective) does not imply {RR}-pure-injective

and so by Theorem 3.2.1 we have that Prod((RR)
∗) is properly contained in the collection

Prod((mod-R)∗) of all pure-injective left R-modules. Since the class of modules which are

pure in a module of Prod(( mod-R)∗) is R-Mod, hence is a definable category, it has an el-

ementary cogenerator, that is a pure-injective module M such that every R-module purely

embeds in a direct product of copies of M [52, Corollary 5.3.52, p. 259]. Furthermore, by
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[52, Corollary 5.3.50, p. 259], M can be taken to be a product of indecomposable pure-

injectives. If every indecomposable pure-injective were in Prod((RR)
∗), then M would be in

Prod((RR)
∗) and hence we would have Prod((RR)

∗) = Prod((mod-R)∗), contradiction.

The following corollary is immediately obtained from Theorem 3.2.1.

Corollary 3.2.3 Let S and T be classes of finitely presented left R-modules. Then the fol-

lowing statements are equivalent.

(1) T -purity = S-purity for short exact sequences of left R-modules.

(2) S-pure-projectivity = T -pure-projectivity for left R-modules.

(3) add(S∪{RR}) = add(T ∪{RR}).

(4) S-pure-injectivity = T -pure-injectivity for left R-modules.

(5) Prod({(DH)
∗ | H ∈H∪{ 0

1×1
}}) = Prod({(DK)

∗ | K ∈ K∪{ 0
1×1
}}).

(6) The corresponding assertions on the right.

A short exact sequence (Σ) of left (resp. right)R-modules is called (m,n)-pure if it

remains exact when tensored with any (m,n)-presented right (resp. left)R-module. A left

R-module M is said to be (m,n)-pure-projective (resp. (m,n)-pure-injective) if it is pro-

jective (resp. injective) relative to every (m,n)-pure exact sequence of left R-modules. A

short exact sequence (Σ) of left (or right) R-modules is called (ℵ0,n)-pure exact (resp.

(m,ℵ0)-pure exact) if, for each positive integer m (resp. n) (Σ) is (m,n)-pure [1]. Observe

that the (m,n)-pure exact sequences of left R-modules are exactly the LH-pure exact se-

quences, where H = Mm×n(R), and the (n,m)-pure exact sequences of right R-modules are

exactly the DH-pure exact sequences of right modules. Also, (ℵ0,n)-pure exact sequences

of left R-modules are exactly the LH-pure exact sequences, where H =
⋃

m∈Z+
Mm×n(R) and

then the (n,ℵ0)-pure exact sequences of right R-modules are exactly the DH-pure exact se-

quences. Note that for left modules (n,m)-presented implies (m,n)-pure-projective, whereas

for right modules (n,m)-presented implies (n,m)-pure-projective. For all n,m,s, t ∈Z+ with

n≥ s and m≥ t we have from the following corollary that every (m,n)-pure exact sequence

of left R-modules is (t,s)-pure.

Corollary 3.2.4 Let n,m,s, t ∈ Z+. Then the following statements are equivalent.

(1) Every (m,n)-pure short exact sequence of left R-modules is (s, t)-pure.
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(2) Every (n,m)-pure short exact sequence of right R-modules is (t,s)-pure.

(3) Every (s, t)-pure-projective (resp. (s, t)-pure-injective) left R-module is (m,n)-pure-

projective (resp. (m,n)-pure-injective).

(4) Every (t,s)-presented left R-module is in add({M | M is an (n,m)-presented left

R-module}).

(5) Every (s, t)-presented right R-module is in add({M |M is an (m,n)-presented right

R-module}).

PROOF: Take S = LH and T = LK where H = Ms×t(R) and K = Mm×n(R) and apply

Theorem 3.2.1. r

Examples 3.2.5 (1) It is a result of Stafford [69, Proposition 4.4, p. 256] that every finitely

generated indecomposable module over a simple noetherian ring of Krull dimension n is

generated by 2n+1 elements and hence (2n+1,2n+1)-purity = purity in the usual sense.

(2) If a ring R satisfies the conditions of Corollary 3.2.4 for n=m= 1 and for all s, t ∈Z+

then R is said to be an RD-ring (see e.g. [56]).

Let M be a finitely presented left (or right) R-module. We denote by gen(M) its minimal

number of generators and by rel(M) the minimal number of relations on these generators.

Therefore there is an exact sequence Rrel(M)→ Rgen(M)→M→ 0.

Let R be any ring and M be any finitely presented right R-module. An Auslander-

Bridger dual of M is denoted by D(M) and defined as follows. Choose an exact sequence

Q
φ→ P→M→ 0 in which P and Q are finitely generated projective right R-modules. Define

D(M) to be the cokernel of the homomorphism φ� : P� → Q� where X� = HomR(X ,RR),

for any right R-module X and φ� is defined by φ�(α) = αφ for all α ∈ P� [77]. Although

D(M) depends on the choice of exact sequence, if D′(M) is another such dual of M then

D(M)⊕A' D′(M)⊕B for some finitely generated projective modules, A,B.

A commutative ring R is said to be a valuation ring if the ideals of R are linearly ordered

by inclusion. In the following corollary, we classify the commutative local rings over which
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(n,1)-purity and (n,n+1)-purity are equivalent, where n ∈ Z+.

Corollary 3.2.6 Let R be a commutative local ring. Then the following statements are equiv-

alent.

(1) R is a valuation ring.

(2) (1,1)-purity = (1,2)-purity.

(3) (n,1)-purity = (n,n+1)-purity for some n ∈ Z+.

PROOF: (1)⇒ (2) Since every finitely presented module over a valuation ring is a di-

rect sum of (1,1)-presented modules (see [76, Theorem 1, p. 168]) it follows from Corol-

lary 3.2.3 that (1,1)-purity = (1,2)-purity.

(2)⇒ (3) This is obvious.

(3)⇒ (1) Assume that R is not a valuation ring, thus there are elements a,b ∈ R such

that Ra * Rb and Rb * Ra. Let A be the ideal generated by a and b. By [1, Proposition

3.3, p. 3886], there is a finitely presented module M with gen(M) = n, rel(M) = n+ 1 and

EndR(M) a local ring. Thus D(M), an Auslander-Bridger dual of M, is an indecomposable

finitely presented module with gen(D(M)) = rel(M) = n+1 and rel(D(M)) = gen(M) = n

and hence D(M) is an (n+1,n)-presented R-module. By hypothesis and Corollary 3.2.3 we

have that D(M) is a direct summand of a direct sum of (1,n)-presented modules. It follows

that D(M) is cyclic and this contradicts that gen(D(M))≥ 2. Thus R is a valuation ring. r

Proposition 3.2.7 Let S and T be classes of finitely presented left R-modules. Consider the

following statements:

(1) Every S-pure short exact sequence of left R-modules is T -pure.

(2) Each indecomposable direct summand of a module in T is in add(S∪{RR}).

(3) Each indecomposable direct summand of a module in T is a direct summand of a

module in S∪{RR}.

Then (1) implies (2) and

(a) If each indecomposable direct summand of a module in T has local endomorphism

ring then (2) implies (3) .

(b) If each module in T is a direct sum of indecomposable modules then (3) implies (1) .



CHAPTER 3. PURITIES 45

PROOF: (1)⇒ (2) This follows by Theorem 3.2.1.

(a) Assume that each indecomposable direct summand M of a module in T has local

endomorphism ring. Thus by hypothesis, M ∈ add(S∪{RR}). Suppose that M is a direct

summand of
⊕
i∈I

Fi where Fi ∈ S∪ {RR}, for all i ∈ I and I is a finite set and let B be a

submodule of
⊕
i∈I

Fi such that M⊕B =
⊕
i∈I

Fi. Since EndR(M) is local we have (see, e.g., [20,

Theorem 2.8, p. 37]) that M has the finite exchange property. So (see, e.g., [20, Lemma

2.7, p. 37]) there is an index j ∈ I and a direct sum decomposition Fj = B j⊕C j of Fj with

M 'C j. Hence M is a direct summand of a module in S∪{RR}.

(b) Assume that each module in T is a direct sum of indecomposable modules. Let Σ be

any S-pure short exact sequence of left R-modules and let M ∈ T . By assumption and (3),

M =
⊕
i∈I

Mi with Mi a direct summand of a module in S∪{RR}, for all i ∈ I. Thus M is an

S-pure-projective module and hence M is projective relative to Σ. Therefore Σ is T -pure. r

A ring R is said to be Krull-Schmidt if every finitely presented left (or right) R-module

is a direct sum of modules with local endomorphism rings (see [20, p. 97]).

Corollary 3.2.8 Let R be a left Krull-Schmidt ring and let n,m be positive integers. Then

the following statements are equivalent.

(1) (m,n)-purity = (ℵ0,n)-purity for short exact sequences of left R-modules.

(2) For each s ∈ Z+, each indecomposable (n,s)-presented left R-module is a direct

summand of an (n,m)-presented left R-module.

(3) (n,m)-purity = (n,ℵ0)-purity for short exact sequences of right R-modules.

(4) For each s ∈ Z+, each indecomposable (s,n)-presented right R-module is a direct

summand of an (m,n)-presented right R-module.

PROOF: Put S = LH and T = LK, whereH= Mm×n(R) and K=
⋃

t∈Z+
Mt×n(R). Since R is

Krull-Schmidt, each indecomposable direct summand of a module in T has local endomor-

phism ring and each module in T is a direct sum of indecomposable modules. Hence the

result follows on applying Proposition 3.2.7 and Corollary 3.2.4. r
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3.3 (m,n)-Purity over semiperfect rings

Recall, from before Corollary 3.2.6 the definitions of gen(M) and rel(M).

Remark 3.3.1 Let M be a finitely presented left R-module and let N be a direct summand

of M. Then it is easy to see that gen(N)≤ gen(M) and rel(N)≤ rel(M)+gen(M).

Proposition 3.3.2 Let H be any matrix over a ring R such that EndR(LH) is local and LH

is not projective. Set H =
⋃
{Mr×q(R) | q < gen(LH) or r+ q < rel(LH)}. Then LH is an

LH-pure-projective left R-module which is not LH-pure-projective and hence not LG-pure-

projective for any G ⊆H. In particular LH-purity and LH-purity are not equivalent.

PROOF: By Proposition 3.1.2, LH is LH-pure-projective and, if LH is LH-pure-projective,

then LH ∈Add(LH∪{RR}). Since EndR(LH) is local, LH is, as in Proposition 3.2.7, a direct

summand of a module in LH ∪ {RR}. Thus either LH is a direct summand of LG, where

G
r×q
∈H or LH is projective. If LH is a direct summand of LG, by Remark 3.3.1, gen(LH)≤

gen(LG)≤ q and rel(LH)≤ rel(LG)+gen(LG)≤ r+q and this contradicts G ∈H. r

Note that if M is a left R-module, I is a left ideal of R and α ∈ EndR(M) then there

is an induced homomorphism α : M/IM → M/IM which is an isomorphism if α is an

isomorphism.

Let R be a ring and let J(R) be its Jacobson radical. Recall that R is semiperfect if

R/J(R) is semisimple and idempotents lift modulo J(R). Say that an idempotent e ∈ R is

local if eRe is a local ring. We have (e.g., [79, 42.6, p. 375]) that R is semiperfect if and

only if R = e1R⊕ e2R⊕·· ·⊕ enR, for local orthogonal idempotents ei.

Lemma 3.3.3 Let m ∈ Z+. Suppose that one of the following two conditions is satisfied.

(1) The ring R is semiperfect and I is a nonzero ideal with gen(IR) = m and I ⊆ e jR for

some local idempotent e j of R.

(2) The ring R is Krull-Schmidt and I is a nonzero right ideal with gen(I) = m and

I ⊆ e jR for some local idempotent e j of R.

Then EndR(e jR/I) is a local ring.
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PROOF: Let P = e jR.

In case (1): Since EndR(e jR) ' e jRe j it follows that EndR(P) is a local ring. Let α ∈

EndR(P/I) and consider the following diagram:

P P/Iπ //

P P/Iπ //

P

P

α
′

��

P/I

P/I

α

��

where π is the natural epimorphism. By projectivity of P, there exists an R-homomorphism

α
′
: P→ P such that πα

′
= απ and α

′
(I) ⊆ I. Since EndR(P) is a local ring, either α

′
or

1P−α
′

is an isomorphism. The inverse of that isomorphism will, as noted above, induce

an isomorphism on P/I = P/PI which will be an inverse of α or 1(P/I)−α , as appropriate.

Hence EndR(e jR/I) is a local ring.

In case (2): Since e jR is a local right R-module, every homomorphic image of e jR is

indecomposable [73, Proposition 4.1, p. 246]. Hence e jR/I is indecomposable. Since R is

Krull-Schmidt, EndR(e jR/I) is a local ring. r

Lemma 3.3.4 Let m ∈ Z+ and let M be any (1,m)-presented right R-module. Then D(M)

is a (n,m)-pure-projective left R-module, for all n ∈ Z+.

PROOF: Applying HomR(−,RR) to a presentation Rm
R

λH−→ R1
R→M→ 0 of M gives the

presentation RR1 ρH−→ RRm→ D(M)→ 0 of D(M). Thus D(M) is (m,1)-presented, hence

(1,m)-pure-projective, hence (n,m)-pure-projective for all n≥ 1. r

Proposition 3.3.5 Let m ∈ Z+. Suppose that one of the following two conditions is satis-

fied.

(1) The ring R is semiperfect and I is a nonzero ideal with gen(IR) = m+1 and I ⊆ e jR

for some local idempotent e j of R.

(2) The ring R is Krull-Schmidt and I is a nonzero right ideal with gen(I) = m+1 and

I ⊆ e jR for some local idempotent e j of R.

Then D(e jR/I) is not an LH-pure-projective left R-module, whereH=
⋃
{M

s×t
(R) | s, t ∈

Z+ with t < m+1}.
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PROOF: By Lemma 3.3.3, EndR(e jR/I) is a local ring and hence EndR(D(e jR/I)) is

local [77, Theorem 2.4, p. 196]. Dualising a projective presentation of e jR/I, it follows

easily that gen(D(e jR/I)) = m+ 1 and rel(D(e jR/I)) = 1. Since e jR/I is not projective,

neither is D(e jR/I) so, by Proposition 3.3.2, D(e jR/I) is not LH-pure-projective.

r

Al-Kawarit’s and Couchot’s theorem [1, Theorem 3.5(1), p. 3888] is a special case of

the following theorem if we take the ring R to be commutative.

Theorem 3.3.6 Let (n,m) and (r,s) be any two pairs of positive integers such that n 6= r.

Suppose that one of the following two conditions is satisfied:

(a) R is semiperfect and there exists an ideal I of R with gen(IR) =max{n,r} and I⊆ e jR

for some local idempotent e j

(b) R is Krull-Schmidt and there exists a right ideal I of R with gen(I) = max{n,r} and

I ⊆ e jR for some local idempotent e j.

Then:

(1) (m,n)-purity and (s,r)-purity of short exact sequences of left R-modules are not

equivalent;

(2) (n,m)-purity and (r,s)-purity of short exact sequences of right R-modules are not

equivalent.

PROOF: (1) Without loss of generality, we can assume that n < r. By Lemma 3.3.4 and

Proposition 3.3.5, D(e jR/I) is (s,r)-pure-projective and not (m,n)-pure-projective. Thus

(m,n)-pure-projectivity and (s,r)-pure-projectivity of left R-modules are not equivalent and

hence by Corollary 3.2.4, (m,n)-purity and (s,r)-purity for left R-modules are not equiva-

lent.

(2) By (1) and Corollary 3.2.4. r

Examples 3.3.7 By applying Theorem 3.3.6 in the following examples, we have that

(m,1)-purity and (n,2)-purity of left R-modules are not equivalent for any n,m ∈ Z+.
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(1) Let R = Zp[X ,Y ]/ 6 {X ,Y}3 >, where p is a prime number and X ,Y are noncom-

muting indeterminates. By [66, Theorem 13, p. 402], R is a local noncommutative ring with

J(R) =6 X ,Y > . Let I = J(R), thus I is a two-sided ideal of R and gen(I) = 2.

(2) Let R = kÃ1 be the Kronecker algebra over a field k. That is, R is the path algebra

of the quiver
α

1•⇒ •2
β

. Then RR = e1R⊕ e2R, where e1R (resp. e2R) is a projective right

R-module of dimension vector (0,1) (resp. (1,2)). Let IR = J(e2R); since IR = αR⊕βR it

follows that gen(IR) = 2.

Corollary 3.3.8 Let R be a local ring, let I be a finitely generated ideal of R and set

gen(IR) = r. Then for all n < r and for all m,s:

(1) (m,n)-purity and (s,r)-purity for left R-modules are not equivalent.

(2) (n,m)-purity and (r,s)-purity for right R-modules are not equivalent.

PROOF: Since R is local it is semiperfect and 1 is a local idempotent. By Theorem 3.3.6,

the result holds. r

Let M be a finitely generated left module over a semiperfect ring R. Warfield in [77]

defined Gen(M) to be the number of summands in a decomposition of M/JM as a direct sum

of simple modules where J = J(R). If M is a finitely presented left module over a semiperfect

ring R, and f : P→ M a projective cover, with K = ker( f ), then Warfield defined Rel(M)

by Rel(M) = Gen(K). If M is a left R-module and x ∈M, we say x is a local element if Rx

is a local module. The number of elements in any minimal generating set of local elements

of M is exactly Gen(M) [77, Lemma 1.11]. One may prove results, similar to those above,

for these notions.

Proposition 3.3.9 Let H be a matrix over a semiperfect ring R such that LH is not projective

and EndR(LH) is a local ring and let H = {K | K is a matrix with Gen(LH) > Gen(LK) or

Rel(LH)> Rel(LK)}. Then LH is not LH-pure-projective.

PROOF: Assume that LH is LH-pure-projective, thus by Proposition 3.1.2, LH ∈

add(LH ∪ {RR}). Since EndR(LH) is a local ring, LH is as in Proposition 3.2.7, a direct

summand of a module in LH ∪ {RR}. Thus either LH is a direct summand of LD, where
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D ∈H or LH is a direct summand of RR. Since LH is not projective, LH is a direct summand

of LD, thus by [77, Lemma 1.10, p. 192], Gen(LH)≤ Gen(LD) and Rel(LH)≤ Rel(LD) and

this contradicts D ∈H. Therefore, LH is not LH-pure-projective. r

Remark 3.3.10 Since, if K is an r× q matrix, we have qGen(R) ≥ Gen(R)gen(LK) ≥

Gen(LK) and similarly for relations, if H is as in Proposition 3.3.9 then LH

is not LHi-pure-projective for any of the sets of matrices:

H1 = {K | Gen(LH)> Gen(R)gen(LK) or Rel(LH)> Gen(R) rel(LK)};

H2 = { K
r×q
| r,q ∈ Z+ such that Gen(LH)> qGen(R) or Rel(LH)> Rel(LK)};

H3 =
⋃
{M

r×q
(R) | r,q ∈ Z+ such that Gen(LH)> qGen(R) or Rel(LH)> r Gen(R)}.

3.4 Purity over finite-dimensional algebras

In this section we assume some knowledge of the representation theory of finite-dimensional

algebras, for which see [6], [7] for example. Let R be a Krull-Schmidt ring and let M be any

finitely presented left R-module. We will use ind(M) to denote the class of (isomorphism

types of) indecomposable direct summands of M. If S is a class of finitely presented left

R-modules, we define ind(S) =
⋃

M∈S
ind(M).

Proposition 3.4.1 Let R be a Krull-Schmidt ring and let S be a class of finitely presented

left R-modules. Then the following statements are equivalent for a left R-module M.

(1) M is S-pure-projective.

(2) M is ind(S)-pure-projective.

(3) M is isomorphic to a direct sum of modules in ind(S∪{RR}).

PROOF: (1)⇒ (2) Assume that M is S-pure-projective. By Proposition 3.1.2(2), M ∈

Add(S
⋃
{RR}). Since R is a Krull-Schmidt ring, each element in S

⋃
{RR} is a direct sum of

modules in ind(S
⋃
{RR}) and hence M ∈Add(ind(S)

⋃
ind({RR})). By Proposition 3.1.2(2),

M is {ind(S)
⋃

ind({RR})}-pure-projective and hence it is ind(S)-pure-projective.

(2) ⇒ (3) Assume that M is ind(S)-pure-projective. By Proposition 3.1.2(2), M ∈

Add(ind(S)
⋃
{RR}). Since R is a Krull-Schmidt ring, RR is a direct sum of modules in
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ind({RR}). Thus M is isomorphic to a direct summand of a direct sum of copies of modules

in ind(S∪{RR}). Since R is a Krull-Schmidt, each element in ind(S∪{RR}) is a finitely

presented left R-module with local endomorphism ring. By [20, Corollary 2.55, p. 67], M is

isomorphic to a direct sum of modules in ind(S∪{RR}).

(3)⇒ (1) Since each element in S∪{RR} is S-pure-projective, each element in

ind(S∪{RR}) is S-pure-projective. Since the class S-Pproj is closed under direct sums, M is

S-pure-projective. r

This equivalence certainly needs an assumption such as Krull-Schmidt. For instance

Puninski [55, Proposition 6.2, p. 324] gives an example of a pure-projective over a uniserial

(hence semiperfect) ring which is not a direct sum of indecomposable modules.

The following corollary is immediate from Proposition 3.4.1 and Theorem 3.2.1.

Corollary 3.4.2 Let R be a Krull-Schmidt ring and let S and T be two classes of finitely

presented left R-modules. Then T -purity implies S-purity if and only if ind(S) ⊆

ind(T ∪{RR}).

Let R = kÃ1 be the Kronecker algebra over an algebraically closed field k (for

the Kronecker algebra see [6], [7] for example). Left R-modules may be viewed as repre-

sentations of the quiver
α

1•⇔ •2
β

. The preinjective and preprojective indecomposable finite-

dimensional left R-modules are up to isomorphism uniquely determined by their dimension

vectors. For n ∈ N we will denote by In (resp. Pn) the finite-dimensional indecompos-

able preinjective (resp. preprojective) left R-module with dimension vector (n,n+1) (resp.

(n+1,n)). Also, for n ∈ Z+ we will use Rλ ,n to denote the finite-dimensional indecompos-

able regular left R-module with dimension vector (n,n) and parameter λ ∈ k∪{∞} where

Rλ ,1 is the module
1

k⇔ k
λ

for λ ∈ k and R∞,1 =
0

k⇔ k
1

.

Example 3.4.3 Let R = kÃ1 be the Kronecker algebra over an algebraically closed field k.

Let n∈Z+ and let S1 = {Pi | i≤ n}, S2 = {Ii | i≤ n−1}, S3 = {Rλ ,i | i≤ n and λ ∈ k∪{∞}}

and S4 = {Rλ ,1 | λ ∈ k∪{∞}}∪{P0,P1}. Then:

(i) S1∪S2∪S3-purity = (ℵ0,n)-purity = (2n+1,n)-purity, for short exact sequences of

left R-modules.
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(ii) S4-purity = (1,1)-purity for left R-modules.

(iii) (1,1)-purity is not equivalent to (ℵ0,n)-purity for left R-modules.

PROOF: (i) Let H =
⋃

m∈Z+
M

m×n
(R). It follows directly from the description of the finite-

dimensional indecomposable modules and Remark 3.3.1 that ind(LH) = S1∪S2∪S3. Thus,

by Proposition 3.4.1 we have that S1∪ S2∪ S3-purity = LH-purity = (ℵ0,n)-purity for left

R-modules.

Let M ∈ S1 ∪ S2 ∪ S3. It can be checked that, if M ∈ S1 then rel(M) ≤ 2n− 1, if M ∈

S2 then rel(M) ≤ 2n+ 1 and if M ∈ S3 then rel(M) ≤ 2n and hence rel(M) ≤ 2n+ 1 in

all cases. Since gen(M) ≤ n, each module in S1 ∪ S2 ∪ S3 is (n,2n+ 1)-presented. Thus

(2n+1,n)-purity = S1∪S2∪S3-purity = (ℵ0,n)-purity.

(ii) Let λ ∈ k∪{∞} and let M = Rλ ,1⊕P0. Since the sequence RR
(α+λβ )×−−−−−−−−→ RR→

M → 0 is exact, M is (1,1)-presented and hence Rλ ,1 is a direct summand of a

(1,1)-presented module. Thus every module in S4 is a direct summand of a (1,1)-presented

module. Conversely, let N be any indecomposable direct summand of a (1,1)-presented left

R-module, thus gen(N) = 1 and rel(N) ≤ 2 (by Remark 3.3.1) and hence either N = P0 or

N = P1 or N = Rλ ,1 for some λ ∈ k∪{∞}. Thus N is a direct summand of a module in

S4∪{RR}. By Proposition 3.2.7, S4-purity = (1,1)-purity.

(iii) Assume that (1,1)-purity = (ℵ0,n)-purity for some n ∈ Z+. Thus, by (i) and (ii)

above we have that S4-purity= S1∪S2∪S3-purity. This contradicts Corollary 3.4.2, because

I0 ∈ S1∪S2∪S3 and I0 /∈ S4. r

Proposition 3.4.4 Let R be a finite-dimensional algebra over a field k. If R is not of fi-

nite representation type, then for every r ∈ Z+, there is n > r such that (ℵ0,n)-purity 6=

(ℵ0,r)-purity for left R-modules.

PROOF: Suppose that R is not of finite representation type. Assume that there is r ∈ Z+

such that for all n > r then (ℵ0,n)-purity = (ℵ0,r)-purity for left R-modules. Since R is

a finite-dimensional algebra and it is not of finite representation type it follows from [7,

Corollary 1.5, p. 194] that there is a finitely generated indecomposable left R-module M

such that gen(M)≥ r+1. By assumption, (ℵ0,gen(M))-purity = (ℵ0,r)-purity for left R-

modules and hence by Corollary 3.4.2, M ∈ ind({(r,s)-presented left R-modules | s ∈ Z+}),
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which is a contradiction. r

Proposition 3.4.5 Let R be a finite-dimensional algebra over a field k and let H be a set of

matrices over R. Then a left R-module M is LH-pure-injective if and only if M is a direct

summand of a direct product of modules in ind({(DH)
∗ | H ∈H∪{ 0

1×1
}}).

PROOF: (⇒) Assume that M is an LH-pure-injective left R-module. By Theorem 3.1.4,

M ∈ Prod({(DH)
∗ | H ∈ H

⋃
{ 0

1×1
}}). Since R is an artinian ring and (DH)

∗ is a finitely

presented left R-module, for all H ∈H
⋃
{ 0

1×1
} it follows that (DH)

∗ is a finite direct sum of

modules in ind({(DH)
∗ | H ∈H∪{ 0

1×1
}}). Thus M is a direct summand of a direct product

of modules in ind({(DH)
∗ | H ∈H∪{ 0

1×1
}}).

(⇐) By Theorem 3.1.4, each module in ind({(DH)
∗ | H ∈ H∪{ 0

1×1
}}) is an LH-pure-

injective left R-module. Since the class of LH-pure-injective left R-modules is closed under

direct products and direct summands, M is LH-pure-injective. r

The Auslander-Reiten translate of a module M is given by the formula τM = (D(M))∗

where D(M) is the Auslander-Bridger dual (= transpose) of M obtained from a minimal

projective resolution of M.

We now describe these modules in terms of ind({LH | H ∈H∪{ 0
1×1
}}).

Theorem 3.4.6 Let R be a finite-dimensional algebra over a field k and let S be a set of

indecomposable finite-dimensional modules. Then the S-pure-injective left R-modules are

exactly the direct summands of direct products of modules in τS∪R-inj, where τ is

the Auslander-Reiten translate and R-inj denotes the set of indecomposable injective left

R-modules.

PROOF: Since τLH = (DH)
∗, this follows from Proposition 3.4.5. r

Corollary 3.4.7 Let R be a finite-dimensional algebra over a field k, and let H be a set of

matrices over R. If ind({(DH)
∗ | H ∈ H∪{ 0

1×1
}}) is finite then it is the set of indecompos-

able LH-pure-injective left R-modules and every LH-pure-injective module is a direct sum
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of copies of these modules.

PROOF: Let T = ind{(DH)
∗ | H ∈ H

⋃
{ 0

1×1
}}. Assume that T is a finite set and let

T = {Ni}i∈I where I is a finite index set. Assume that M is an indecomposable LH-pure-

injective left R-module. By Proposition 3.4.5, M ∈ ProdT and hence M is a direct summand

of
⊕
j∈J

NI j
j where J⊆ I. For each j ∈ J, since R is an artin algebra and N j is a finitely generated

R-module, N j is of finite length over its endomorphism ring. Since N j is indecomposable

it follows from a theorem of Garavaglia, see [52, Theorem 4.4.28, p. 180], that NI j
j = N(J j)

j

for some set J j and hence M is a direct summand of
⊕
j∈J

N(J j)
j . Since M is indecomposable

pure-injective, M is a direct summand of Nl for some l ∈ I, since indecomposable pure-

injectives have local endomorphism ring (see [52, Theorem 4.3.43, p. 157]). Since Nl is

indecomposable, M = Nl . Hence M ∈ ind{(DH)
∗ |H ∈H

⋃
{ 0

1×1
}}. The converse is true by

applying Proposition 3.4.5. Thus ind{(DH)
∗ | H ∈H

⋃
{ 0

1×1
}} is the set of indecomposable

LH-pure-injective left R-modules.

Now we will prove that every LH-pure-injective module is a direct sum of copies of

modules in T . Let N be any LH-pure-injective module. By a similar argument to that above

we can prove that N is a direct summand of
⊕
j∈J

N(J j)
j , for some sets J j, with J ⊆ I. For each

j ∈ J, since R is a finite-dimensional algebra and N j is an indecomposable finitely generated

R-module it follows that N j has local endomorphism ring. By [20, Corollary 2.55, p. 67], N

is a direct sum of copies of modules in T . r

A class T of pure-injective modules closed under direct products and direct summands is

definable if and only if each direct sum of modules in T is pure-injective, that is if and only

if each element in T is Σ-pure-injective (see, for example, [52, Proposition 4.4.12, p. 176]).

In this case every module in T is a direct sum of indecomposable modules (see, for example,

[52, Theorem 4.4.19, p. 178]).

Corollary 3.4.8 Let R be a finite-dimensional algebra over a field k and let H be a set of

matrices over R. Then LH-Pinj is a definable subclass of R-Mod if and only if each direct

sum of modules in ind({(DH)
∗ | H ∈H}) is pure-injective.

PROOF: Let T = ind({(DH)
∗ | H ∈H}) and T ′ = T ∪R-inj.
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One direction follows from the remarks above and Proposition 3.4.5.

(⇐) By hypothesis, each direct sum of modules in T is pure-injective. Since R is a

left noetherian ring, each direct sum of modules in R-inj is injective. Thus each direct sum

of modules in T ′ is pure-injective and hence is Σ-pure-injective. Let M ∈ LH-Pinj. By

Proposition 3.4.5, there exists a subfamily {Mi}i∈I of T ′ such that M is a direct summand

of ∏
i∈I

Mi. By the proof above,
⊕
i∈I

Mi is Σ-pure-injective. Since ∏
i∈I

Mi is in the definable

subcategory generated by
⊕
i∈I

Mi it follows from [52, Proposition 4.4.12, p. 176] that ∏
i∈I

Mi is

Σ-pure-injective. It follows that M is Σ-pure-injective and hence each element in LH-Pinj is

Σ-pure-injective. Therefore LH-Pinj is a definable subclass of R-Mod. r

Let R be a finite-dimensional algebra over a field k. Recall that a connected component

Γ of the Auslander-Reiten quiver is said to be preprojective (resp. preinjective) if Γ con-

sists of indecomposable projective (resp. injective) modules, P (resp. I), together with all

their Auslander-Reiten translates, τ−nP (resp. τnI), where n ≥ 0. Recall that a connected

component Γ of the Auslander-Reiten quiver of a hereditary algebra is said to be regular if

Γ contains neither projective nor injective modules. An indecomposable R-module is said

to be preprojective (resp. preinjective, resp. regular) if it belongs to a preprojective (resp.

preinjective, resp. regular) component of the Auslander-Reiten quiver.

Every finite-dimensional module is Σ-pure-injective and by [36, Theorem 4.6, p. 750]

every direct sum of preinjective modules is Σ-pure-injective. The equivalence of (1) and (2)

in the next result therefore follows from the description of the Σ-pure-injective modules in

[53, Theorem 2.1, p. 847] and the equivalence with (3) follows since the duality Homk(−,k)

interchanges preprojective and preinjective modules and sends regular modules to regular

modules.

Proposition 3.4.9 Let R be a tame hereditary finite-dimensional algebra over a field k and

letH be a set of matrices over R. Then the following statements are equivalent.

(1) LH-Pinj is a definable subclass of R-Mod.

(2) The set of preprojective or regular modules in ind({(DH)
∗ | H ∈H}) is finite.

(3) The set of preinjective or regular modules in ind({DH | H ∈H}) is finite.

From now on, for simplicity of some statements, we assume that R is connected.
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Let R be a tame hereditary finite-dimensional algebra over a field k and let S be a

simple regular left R-module (that is, a module which is simple in the category of regular

modules). The infinite-dimensional indecomposable pure-injective modules over a tame

hereditary finite-dimensional algebra have been classified: for each simple regular module S

there is a Prüfer module S[∞] and an adic module Ŝ; there is also the generic module (which

is of finite length over its endomorphism ring). See e.g. [59, p. 106] for the definitions of

these modules.

Proposition 3.4.10 Let R be a tame hereditary finite-dimensional algebra over a field k. Let

H be a set of matrices over R such that LH-Pinj is definable. Then the following statements

are equivalent.

(1) The generic module is LH-pure-injective.

(2) The set of preinjective left R-modules in ind({(DH)
∗ | H ∈H}) is infinite.

(3) All but at most n(R)− 2 Prüfer modules are LH-pure-injective, where n(R) is the

number of isomorphism classes of simple R-modules.

(4) At least one Prüfer R-module is LH-pure-injective.

PROOF: (1)⇒ (2) Let T = ind({(DH)
∗ | H ∈ H}). Assume that the set of preinjective

left R-modules in T is finite. Since LH-Pinj is definable it follows from Proposition 3.4.9

that T is finite. By Corollary 3.4.7, the generic module cannot be LH-pure-injective.

(2)⇒ (3) Let X be the class of all indecomposable LH-pure-injective modules. Since

LH-Pinj is definable it follows from Theorem 2.4.7 that X is a closed set of the Ziegler

topology. Since X contains infinitely many non-isomorphic preinjective modules, by [59,

Corollary, p. 113], all but at most n(R)− 2 Prüfer modules belong to X , where n(R) is the

number of isomorphism classes of simple R-modules.

(3)⇒ (4) This is obvious.

(4)⇒ (1) Assume that there is a Prüfer module which is LH-pure-injective. As noted

in (3), X is a closed set of the Ziegler topology and by hypothesis, it contains at least one

module which is not of finite length. By [59, Theorem, p. 106], the generic module belongs

to X . r
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Remark 3.4.11 If R is the Kronecker algebra over a field k then condition (3) above be-

comes: (3) Every Prüfer module is LH-pure-injective.

Let T ⊆ R-ind, the class of all finitely presented indecomposable left R-modules. If R

is a finite-dimensional algebra then every finitely generated module is pure-injective (see,

e.g. [52, Remark 4.5.34, p. 201]) so T will be a subset of Rpinj. We use fsc(T ) (resp. T ) to

denote the closure of T in the full support topology (resp. the Ziegler topology).

Lemma 3.4.12 Let R be a finite-dimensional algebra over a field k and let T ⊆ R-ind. Then

fsc(T ) = (Prod(T ))∩ Rpinj.

PROOF: Let M ∈ (Prod(T ))+, thus M is a pure submodule of N for some N ∈ Prod(T )

and hence by [22, Exercise 2.3, p. 433] we have that PE(M) is a direct summand of PE(N).

Since Prod(T )⊆ RPinj it follows that N ' PE(N) and hence PE(M) ∈ ProdT ⊆ (ProdT )+.

Thus (ProdT )+ is closed under pure-injective hulls.

Since (Prod(T ))+ is closed under pure submodules and direct products it follows that

(Prod(T ))+ is a type-definable subclass of R-Mod. By Theorem 2.4.9, (Prod(T ))+ ∩ Rpinj

is a closed set of the full support topology. Since (Prod(T )) ∩ Rpinj = (Prod(T ))+ ∩ Rpinj

it follows that (Prod(T )) ∩ Rpinj is a closed set of the full support topology. Since

T ⊆ (Prod(T )) ∩ Rpinj it follows that fsc(T )⊆ fsc((Prod(T ))∩ Rpinj) = (Prod(T ))∩ Rpinj.

Conversely, let M ∈ (Prod(T ))∩ Rpinj. Thus M ∈ Rpinj and M is a direct summand

of ∏
i∈I

Mi where Mi ∈ T . Since fsc(T ) is a closed set of the full support topology it follows

from Theorem 2.4.9 that fsc(T ) =X ∩ Rpinj for some type-definable subclass X of R-Mod.

Thus T ⊆ X and hence Mi ∈ X for all i ∈ I. Since X is a type-definable subclass, M ∈ X

and hence M ∈ X ∩ Rpinj = fsc(T ). Thus (Prod(T ))∩ Rpinj ⊆ fsc(T ) and hence fsc(T ) =

(Prod(T ))∩ Rpinj. r

Lemma 3.4.13 Let R be a finite-dimensional algebra over a field k and let T ⊆ R-ind. If

Prod(T ) is definable then T = fsc(T ).

PROOF: Suppose that Prod(T ) is definable. It is clear that fsc(T )⊆ T . Since T ⊆ Prod(T )

it follows that < T >⊆ Prod(T ), where < T > is the definable subcategory generated by T.

Thus T ⊆ fsc(T ) and hence T = fsc(T ). r
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Remark 3.4.14 Let T be a class of pure-injective left R-modules and let S ⊆ T. If Prod(T )

is a definable subclass of R-Mod then so is Prod(S).

Corollary 3.4.15 Let R be a tame hereditary finite-dimensional algebra over a field k and let

I1 be a class of indecomposable preinjective left R-modules. Then fsc(I1) = I1.

PROOF: Since a hereditary algebra R is tame if and only if the class Prod(RI) is de-

finable, where RI is the class of all indecomposable preinjective left R-modules (by [83,

Theorem 3.2, p. 351]) it follows that Prod(RI) is definable. Since I1 ⊆ RI it follows from

Remark 3.4.14 that Prod(I1) is definable. By Lemma 3.4.13, fsc(I1) = I1. r

Remark 3.4.16 Let R be a finite-dimensional algebra over a field k and let T ⊆ R-ind. Then

T is the class of all indecomposable finite-dimensional left R-modules in Prod(T ). This

follows from [52, Corollary 5.3.33, p. 250].

The following fact is known; it can be found stated in [60, p. 47]. We include a proof

here.

Proposition 3.4.17 Let R be a tame hereditary finite-dimensional algebra over a field k and

let P1 be a class of indecomposable preprojective left R-modules. Then fsc(P1) = P1.

PROOF: Let M ∈ fsc(P1). Thus M is a direct summand of ∏
i∈I

Pi where Pi ∈ P1. Choose

a non-zero element a ∈ M, so a j 6= 0 for some j ∈ I, where a j is the jth component in a.

Define α : M → Pj by α = π ji where i : M → ∏
i∈I

Pi is the inclusion and π j : ∏
i∈I

Pi → Pj is

the projection. Since α(a) = a j 6= 0 it follows that HomR(M, RP) 6= 0, where RP is the

class of all indecomposable preprojective left R-modules. By [16, Lemma 1, p. 46], M has

a preprojective direct summand, and hence M is finite-dimensional and therefore we have

from Remark 3.4.16 that M ∈ P1. r

Lemma 3.4.18 Let R be a tame hereditary finite-dimensional algebra over a field k and let

R1 be a class of indecomposable regular left R-modules. Then:

(1) The generic module does not belong to fsc(R1).

(2) There is no Prüfer R-module in fsc(R1).
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PROOF: (1) Assume that the generic module G ∈ fsc(R1), thus G ∈ Prod(R1). As in

the proof of Proposition 3.4.17 it follows that HomR(G,R1) 6= 0, contradicting [60, p. 46].

Therefore G /∈ fsc(R1).

(2) Assume that there is a Prüfer module M such that M ∈ fsc(R1). By [59, Proposition

3, p. 110], the generic module G is a direct summand of MI for some I so G ∈ Prod(R1) and

this contradicts (1) above. Thus there is no Prüfer module in fsc(R1). r

We use TS to denote the class TS = {M |M is an indecomposable regular left R-module

with HomR(M,S) 6= 0}.

Theorem 3.4.19 Let R be a tame hereditary finite-dimensional algebra over a field k. Let

R1 be a class of indecomposable regular left R-modules and let S be a simple regular left

R-module. Then the following statements are equivalent.

(1) Ŝ ∈ fsc(R1).

(2) R1∩TS is infinite.

(3) Ŝ ∈ fsc(R1∩TS).

PROOF: (1)⇒ (2) Suppose that Ŝ ∈ fsc(R1). Assume that R1∩TS is finite. Let D = {M |

HomR(M,S) = 0}. By [16, Examples, p. 42], D is a definable subclass of R-Mod and hence

C = D∩ Rpinj is a closed set in the Ziegler topology. Since R1∩TS is a finite class of finite-

dimensional indecomposable modules it follows from [16, 2.5] that R1∩TS is a closed set in

the Ziegler topology and hence C∪ (R1∩TS) is. Thus C∪ (R1∩TS) is a closed set in the full

support topology. Since R1 ⊆C∪ (R1∩TS) it follows that fsc(R1) ⊆ fsc(C∪ (R1∩TS)) =

C∪ (R1∩TS). Since HomR(Ŝ,S) 6= 0 it follows that Ŝ /∈C∪ (R1∩TS) and hence Ŝ /∈ fsc(R1)

and this contradicts the hypothesis. Thus R1∩TS is infinite.

(2)⇒ (3) Suppose that R1 ∩ TS is infinite, thus (R1 ∩ TS)
∗ is an infinite class of reg-

ular right R-modules. Let X ∈ (R1 ∩ TS)
∗, thus X = M∗ for some M ∈ R1 ∩ TS. Hence

HomR(M,S) 6= 0. Thus HomR(S∗,X) 6= 0 for all X ∈ (R1 ∩ TS)
∗. By [59, Proposition 1,

p. 107], S∗[∞] is the direct limit of a chain of monomorphisms X1 → X2 → X3 → ··· with

Xi ∈ (R1 ∩ TS)
∗. Therefore, by Lemma 2.2.6(2), there is a pure exact sequence 0→ N →⊕

i<ω

Xi→ S∗[∞]→ 0. Therefore the exact sequence 0→ (S∗[∞])∗→ (
⊕
i<ω

Xi)
∗→ N∗→ 0 is

split. By [16, Examples, p. 44], Ŝ = (S∗[∞])∗ and hence Ŝ is a direct summand of ∏
i<ω

X∗i .
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Thus Ŝ ∈Prod(R1∩TS) and this implies that Ŝ ∈fsc(R1∩TS).

(3)⇒ (1) This is obvious. r

Corollary 3.4.20 Let R be a tame hereditary finite-dimensional algebra over a field k and let

R1 be a class of indecomposable regular left R-modules. Then fsc(R1) = R1∪{Ŝ | R1∩TS

is infinite}.

PROOF: Let M ∈ {Ŝ | R1 ∩ TS is infinite}. Thus M = Ŝi for some simple regular mod-

ule Si with R1 ∩TSi is infinite and hence by Theorem 3.4.19 we have that M ∈ fsc(R1). It

follows that R1 ∪{Ŝ | R1 ∩TS is infinite} ⊆ fsc(R1). Conversely, let M ∈ fsc(R1). If M is

finite-dimensional then M ∈ R1, by Remark 3.4.16. If M is infinite-dimensional then M is

neither Prüfer nor the generic module, by Lemma 3.4.18. Hence M = Ŝ j for some simple

regular module S j. By Theorem 3.4.19, R1 ∩TS j is infinite and hence M ∈ {Ŝ | R1 ∩TS is

infinite}. Thus fsc(R1)⊆ R1∪{Ŝ | R1∩TS is infinite} and hence fsc(R1) = R1∪{Ŝ | R1∩TS

is infinite}. r

In the following corollary we give a complete description of the closure of any subclass

of R-ind in the full support topology and hence, by Theorem 3.4.6, a description of the

indecomposable S-pure-injective modules for any purity defined by a class S of finitely

presented modules.

Corollary 3.4.21 Let R be a tame hereditary finite-dimensional algebra over a field k. Let

I1 (resp. P1, resp. R1) be a class of indecomposable preinjective (resp. preprojective, resp.

regular) left R-modules. Then fsc(I1∪P1∪R1) = I1∪P1∪R1∪{Ŝ | R1∩TS is infinite}.

PROOF: This follows from Corollary 3.4.15, Proposition 3.4.17 and Corollary 3.4.20. r
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3.5 Rings whose indecomposable modules are S-pure-

projective

Let T be a set. A family F of subsets of T is said to be directed if for any U,V ∈ F, there

exists W ∈ F such that U ⊆W and V ⊆W.

By using Theorem 3.1.1, we can prove the following lemma.

Lemma 3.5.1 Let S be a class of finitely presented left R-modules and let {Ni}i∈I be any

directed family of S-pure submodules of a left R-module M. Then N =
⋃
i∈I

Ni is an S-pure

submodule of M.

Let N be a submodule of a left R-module M and let T be a set of submodules of M. We

will use N(T ) to denote the submodule N(T ) = N + ∑
A∈T

A.

Lemma 3.5.2 Let S be a class of finitely presented left R-modules, let N be a submodule of

a left R-module M and let T be a set of submodules of M. If N(F) is an S-pure submodule

of M for all finite subsets F of T , then N(T ) is an S-pure submodule of M.

PROOF: Assume that N(F) is an S-pure submodule of M for all finite subsets F of T . Let

{Fi}i∈I be the family of all finite subsets of T and let D = {N(Fi)}i∈I . Let N(Fi),N(Fj) ∈D,

thus Fi and Fj are finite subsets of T . Let W = Fi
⋃

Fj, thus W is a finite subset of T . Since Fi

and Fj are subsets of W it follows that N(Fi) and N(Fj) are subsets of N(W ) and N(W ) ∈D.

Thus D is a direct family of S-pure submodules of M and hence by Lemma 3.5.1 we have

that
⋃
i∈I

N(Fi) is an S-pure submodule of M. Since
⋃
i∈I

N(Fi) = N(T ) it follows that N(T ) is

an S-pure submodule of M. r

Definition 3.5.3 Let S be a class of finitely presented left R-modules, let N be a submodule

of a left R-module M and let T0 be the set of all indecomposable submodules of M. A

subclass T ⊆ T0 is said to be S-N-independent (in M) if N(T ) = N⊕ ( ∑
B∈T
⊕B) and N(T )

is an S-pure submodule of M. This will be the case if and only if every finite subset of T is

S-N-independent in M.
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Theorem 3.5.4 Let S be any set of finitely presented left R-modules and let M

be a left R-module. Suppose that every S-pure submodule M0 of M for which M/M0 is

indecomposable is a direct summand of M. Then every S-pure submodule of M is a direct

summand of M and M is a direct sum of indecomposable submodules.

PROOF: (The following proof is based on an argument in [8, Proposition 1.13, p. 53]).

Let N be any S-pure submodule of M. If N = M then N is a direct summand of M. Assume

that N 6=M, thus there is x∈M\N. Let F = {K |N ⊆K, x /∈K and K is an S-pure submodule

of M}. Since N ∈ F it follows that F is a non-empty family. Let {Mi}i∈I be any directed

subfamily of F and let A =
⋃
i∈I

Mi. It is clear that N ⊆ A and x /∈ A. By Lemma 3.5.1, A is

an S-pure submodule of M and hence A ∈ F. By Zorn’s lemma, F has a maximal element,

say M0, thus M0 is an S-pure submodule of M with N ⊆M0 and x /∈M0. We will prove that

M/M0 is indecomposable.

Assume that M/M0 is not indecomposable, thus there are two non-zero submodules

M1/M0, M2/M0 of M/M0 such that M/M0 = (M1/M0)⊕ (M2/M0). Therefore M0 ⊂
6=

M1, M0⊂
6=

M2 and M1∩M2 =M0. Since M1/M0 and M2/M0 are direct summands of M/M0

they are S-pure submodules of M/M0. Since M0 is an S-pure submodule of M it follows from

[79, 33.3(4), p. 276] that M1 and M2 are S-pure submodules of M. Thus, by maximality of

M0, we have that x ∈M1∩M2 and this is a contradiction.

Hence M/M0 is a non-zero indecomposable left R-module. By assumption, M0 is a

direct summand of M, say M = N0⊕M0. Thus N0 'M/M0 is a non-zero indecomposable

submodule of M with N+N0 =N⊕N0. Since N is an S-pure submodule of M and N ⊆M0⊆

M it follows that N is S-pure submodule of M0 and hence N⊕N0 is an S-pure submodule

of N0⊕M0 = M. Thus, for any proper S-pure submodule N of M, there exists a non-zero

indecomposable submodule N0 of M such that N∩N0 = 0 and N⊕N0 is an S-pure submodule

of M.

Let T be the family of all S-N-independent subsets in M. Since {0} ∈ T it follows that T

is non-empty. Let D be any directed subfamily of T and let U be the union of all members of

D. Then U ∈ T since every finite subset of U is S-N-independent. By Zorn’s lemma, T has a

maximal element, say W. Now we will prove that N(W ) = M. Assume that N(W ) 6= M, thus

N(W ) is a proper S-pure submodule of M. Hence there exists a non-zero indecomposable
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submodule B of M such that N(W )∩B = 0 and N(W )+B = N(W )⊕B = N⊕( ∑
A∈W
⊕A)⊕B

is an S-pure submodule of M, as seen above. Hence W ∪{B} properly contains W and is

S-N-independent in M. This contradicts the maximality of W in T. Therefore, N(W ) = M.

Since N(W )=N⊕( ∑
A∈W
⊕A) it follows that N is a direct summand of M and M/N' ∑

A∈W
⊕A

is a direct sum of indecomposable submodules. If we take N = 0 then we see that M is a

direct sum of indecomposable submodules. r

Corollary 3.5.5 Let S be any set of finitely presented left R-modules. Then the following

statements are equivalent.

(1) Every indecomposable left R-module is S-pure-projective.

(2) For any left R-module M, every S-pure submodule of M is a direct summand of M.

(3) Every left R-module is S-pure-projective.

(4) Every left R-module is S-pure-injective.

(5) Every left R-module is a direct sum of modules in ind(S∪{RR}).

PROOF: (1)⇒ (2) Let M be any left R-module and let N be any S-pure submodule of

M such that M/N is indecomposable. By hypothesis, M/N is S-pure-projective hence the

S-pure exact sequence 0→ N i→M π→M/N→ 0 splits and hence N is a direct summand of

M. By Theorem 3.5.4, every S-pure submodule of M is a direct summand of M.

(2)⇒ (3) Let M be any left R-module and let Σ : 0→ L
f→ N

g→M→ 0 be any S-pure

exact sequence of left R-modules. By hypothesis, im( f ) is a direct summand of N and hence

Σ is split so M is S-pure-projective.

(3)⇒ (5) Assume that every left R-module is S-pure-projective, thus every left

R-module is pure-projective. By [8, Proposition 4.4, p. 73], R is a left artinian ring and

hence R is Krull-Schmidt, by [52, p. 164]. Let M be any left R-module. By hypothesis and

Proposition 3.4.1, M is isomorphic to a direct sum of modules in ind(S∪{RR}). Thus every

left R-module is a direct sum of modules in ind(S∪{RR}).

(5)⇒ (1) Assume that every left R-module is a direct sum of modules in ind(S∪{RR}).

Let M be an indecomposable left R-module, thus M ∈ ind(S∪{RR}). Since each module

in ind(S∪{RR}) is S-pure-projective, M is S-pure-projective. Hence every indecomposable

left R-module is S-pure-projective.
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(2)⇔ (4) This follows by using Theorem 2.2.19. r

Remark 3.5.6 It is clear that any ring satisfying the conditions in Corollary 3.5.5 is a left

pure semisimple ring but the following example shows that the converse is not true. Let

R =

 k 0

k k

 be the ring of all lower triangular 2× 2-matrices over a field k. Then R is

of finite representation type, in particular is pure semisimple. Let S = {

 k

k

 ,

 0

k

},
thus ind(S∪{RR}) = S. Then M =

 k

0

 is a left R-module which is not a direct sum of

modules in ind(S∪{RR}) and hence R does not satisfy the conditions in Corollary 3.5.5 for

this choice of S.



Chapter 4

Definability of the classes (lim−→S) and

(Prod S∗)

4.1 Introduction

A ring R is said to be right (resp. left) noetherian if every right (resp. left) ideal of R is

finitely generated. As a generalization, the concept of a left (resp. right) coherent ring was

introduced. A ring R is said to be right (resp. left) coherent if every finitely generated right

(resp. left) ideal of R is finitely presented.

It is well-known (see, e.g. [2, Proposition 18.13, p. 209]) that a ring R is right noetherian

if and only if the class InjR of injective right R-modules is closed under direct sums. An

equivalent condition (see [17, Theorem 3.19, p. 266]) is that this class is definable.

Also, Chase in [11, Theorem 2.1, p. 460] proved that a ring R is right coherent if and only

if the class RF lat is closed under direct products. Equivalently, the class RF lat is definable

(see [63, Theorem 4, p. 629]).

Recently, Holm in [26], in the process of extending results of Lenzing from [36], intro-

duced the concepts of right S-coherent (resp. S-noetherian) rings as generalizations of right

coherent (resp. noetherian) rings as follows: a ring R is said to be right S-coherent (resp.

S-noetherian) if the class lim
−→

(addS) (resp. ProdS?) is definable, where S⊆ R-mod. In fact,

if we take S = {RR} then lim
−→

(addS) = RF lat (by Lazard [35]) and ProdS? = Prod{RR}? =

InjR and hence a ring R is right S-coherent (resp. S-noetherian) if and only if it is right

coherent (resp. noetherian).

65
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Holm proved in [26, Theorem 1.5, p. 545] the following result.

Theorem 4.1.1 Let S be a class of finitely presented left R-modules such that RR ∈ S. Then

ProdS? is definable if and only if

(i) lim
−→

(addS) is definable, and

(ii) a right R-module M is in ProdS? if only if HomZ(M,Q/Z) is in lim
−→

(addS).

In the literature, many characterizations of definability of lim
−→

S have been given but with-

out using the duality of modules, for example: if S ⊆ R-mod and S = addS, then (1) lim
−→

S

is definable ⇔ (2) lim
−→

S is closed under products in R-Mod ⇔ (3) lim
−→

S is preenveloping

in R-Mod ⇔ (4) S is preenveloping in R-mod. This result due to Crawley-Boevey [15,

Theorem 4.2, p. 1665] and Krause [32, Proposition 3.11, p. 27].

The main purposes of this chapter are to obtain new results on definable classes by using

duality of modules and applying these results to generalize many well-known characteriza-

tions of right coherent (resp. right noetherian) rings and other results in the literature to the

setting of definability of the class lim
−→

(addS) (resp. ProdS∗), where S⊆ R-mod and where ∗

denotes any duality in the sense of Proposition 4.2.2. Another aim is to prove Holm’s the-

orem above without his assumptions (RR ∈ S and lim
−→

(addS) is definable) and to show that

the converse of another theorem of Holm, [26, Theorem 5.6, p. 556], (see Theorem 4.4.3) is

true too.

For these main purposes, we will introduce the concept of almost dual pairs.

Throughout this, and later, chapters we will use the following conventions.

If S and T are classes of finitely presented left R-modules, we will denote by H and

K sets of matrices over R such that LH = S and LK = T .

4.2 Almost dual pairs

4.2.1 Definition, examples and some properties

Definition 4.2.1 An almost dual pair over R is a pair (F ,G), where F (resp. G) is a class

of left (resp. right) R-modules such that the following conditions hold.

(1) For any left R-module M, M ∈ F if and only if M∗ = HomK(M,E) ∈ G.
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(2) G is closed under direct summands and direct products.

First, we will show that the definition of an almost dual pair is independent of the duality

used. This is the following proposition.

Proposition 4.2.2 Let ∗ (resp. \) be dualities over R-Mod, induced by modules KE (resp.

K′E ′). Then:

(1) ProdM∗ = ProdM\, for any M ∈ R-Mod.

(2) If (F ,G) is an almost dual pair with respect to ∗, then it is an almost dual pair with

respect to \.

PROOF: (1) This is [45, Theorem 3.2]. The proof uses techniques from the model theory

of modules.

(2) Suppose that (F ,G) is an almost dual pair with respect to ∗. Let M ∈F , thus M∗ ∈ G

and hence ProdM∗⊆G. Since ProdM∗= ProdM\ (by (1) above) it follows that ProdM\⊆G

and hence M\ ∈ G.

Conversely, let M\ ∈ G thus by reversing the above argument we have M ∈ F and hence

(F ,G) is an almost dual pair with respect to \. r

Theorem 4.2.3 (see [80, 1.6, p. 383]) A ring R is left coherent if and only if M? is flat right

R-module whenever M is an absolutely pure left R-module.

Remark 4.2.4 A pair (F ,G) is said to be a duality pair if for any left R-module M, we have

M ∈F if and only if M? = HomZ(M,Q/Z) ∈ G and G is closed under direct summands and

finite direct sums [28, p. 625]. It is clear that every almost dual pair over a ring R is a duality

pair but the converse is not true, for example: letF latR be the class of flat right modules over

a non left coherent ring R and let F = {M |M? is a flat right R-module}. Then (F ,F latR) is

a duality pair but it is not an almost dual pair because some product of flat right R-modules

is not flat [11, Theorem 2.1, p. 460]. Here F will be a (proper) subclass of the class of

absolutely pure left R-modules, by Theorem 4.2.3.

In the following, we will give some examples of almost dual pairs.
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Examples 4.2.5 (1) (R-Mod,PinjR), (R-Mod,Mod-R) and (0,0) are almost dual pairs, the

first by Proposition 2.2.12.

(2) Let L ⊆Mod-R. A right R-module M is said to be L-injective, if Ext1R(L,M) = 0

for all L ∈ L [21]. Also, a left R-module N is said to be L-flat, if TorR
1 (L,N) = 0 for

all L ∈ L [85]. Let L-RF lat (resp. L-InjR) be the class of L-flat left (resp. L-injective

right) R-modules. Since L-InjR is closed under direct summands and products (by e.g. [85,

Proposition 2.2, p. 2943]) and for any left R-module M, we have M ∈ L-RF lat if and only if

M? ∈L-InjR (by [85, Proposition 2.4, p. 2943]) it follows that (L-RF lat,L-InjR) is an almost

dual pair.

(3) As special cases of (2), we have the following:

(i) If L = Mod-R, then (RF lat, InjR) is an almost dual pair by using Lemma 2.2.8 and

Lemma 2.2.10. In fact this is Theorem 2.2.11.

(ii) If L = mod-R, then (RF lat,APureR) is an almost dual pair, by using Lemma 2.2.7

and Lemma 2.2.8.

(iii) Recall (see, e.g. [42]) that a left (resp. right) R-module M is said to be torsion-free

(resp. divisible) if TorR
1 (L,M) = 0 (resp. Ext1R(L,M) = 0) for all (1,1)-presented right

R-modules L. Let RT F (resp. DivR) be the class of torsion-free left (resp. divisible right)

R-modules. If we take L = {L | L is a (1,1)-presented right R-module}, then RT F =

L-RF lat and DivR = L-InjR and hence (RT F ,DivR) is an almost dual pair.

(iv) Let n,m ∈ Z+. Recall (see, [84]) that a left (resp. right) R-module M is said

to be (m,n)-flat (resp. (m,n)-injective) if TorR
1 (L,M) = 0 (resp. Ext1R(L,M) = 0) for all

(m,n)-presented right R-modules L. Let (m,n)-RF lat (resp. (m,n)-InjR ) be the class

of (m,n)-flat left (resp. (m,n)-injective right) R-modules. If we take L= {L | L is an

(m,n)-presented right R-module}, then (m,n)-RF lat =L-RF lat and (m,n)-InjR =L-InjR

and hence ((m,n)-RF lat ,(m,n)-InjR) is an almost dual pair.

(v) If L= {R/I | I is a simple right ideal of R}, then (Min-RF lat,Min-InjR) is an almost

dual pair, where Min-RF lat is the class of min-flat left R-modules and Min-InjR is the class

of min-injective right R-modules in the sense of [38].

(4) Let n ∈ Z+. A right R-module L is said to be FPn, if there is an exact sequence of
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right R-modules: Fn→ Fn−1→ ··· → F0→ L where each Fi is finitely generated and free.

Let X ⊆Mod-R such that the class Xn = {L | L is an FPn module in X} is nonempty.

Recall (see, [9, 2.5, p. 132]) that a left (resp. right) R-module M is said to be n-X -flat (resp.

n-X -injective) if TorR
n (L,M) = 0 (resp. ExtnR(L,M) = 0) for all L ∈ Xn. Let n-X -RF lat

(resp. n-X -InjR ) be the class of n-X -flat left (resp. n-X -injective right) R-modules. Since a

left R-module M is n-X -flat if and only if M? is n-X -injective (see [9, Lemma 2.8, p. 134])

and the class n-X -InjR is closed under direct summands and products (see [9, Lemma 2.7(2),

p. 133]) it follows that (n-X -RF lat,n-X -InjR) is an almost dual pair.

(5) If R is left coherent so by Theorem 4.2.3 we have M? ∈F latR whenever M ∈ RAPure

and hence (RAPure,F latR) is an almost dual pair.

(6) A ring R is von Neumann regular if and only if (R-Mod, InjR) is an almost dual

pair. In fact, if a ring R is von Neumann regular, thus every pure-injective right R-module is

injective (by [79, 37.6, p. 316]) and hence InjR = PinjR. Since (R-Mod,PinjR) is an almost

dual pair, (R-Mod, InjR) is an almost dual pair. Conversely, if we assume that (R-Mod, InjR)

is an almost dual pair then the character module of every left R-module is injective and

hence quasi-injective. Since a ring R is von Neumann regular if and only if the character

module of every left R-module is quasi-injective [23, Theorem A, p. 402] it follows that a

ring R is von Neumann regular.

Let G be a class of modules. We will use G+ to denote the class G+ = {M | M is a

pure submodule of a module in G}. Also, we will use PinjG to denote the class of all pure-

injective modules in G.

The proof of the following lemma is clear.

Lemma 4.2.6 If (F ,G) is an almost dual pair, then (F ,G+), (F ,PinjG) and (F ,ProdF∗)

are almost dual pairs.

For examples of this lemma, see Examples 4.2.5 (1,3(i),3(ii)).

Proposition 4.2.7 Let F ⊆ R-Mod and let G be a class of pure-injective right R-modules. If

G is closed under direct summands, then (F ,G) is an almost dual pair if and only if (F ,G+)

is so.
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PROOF: (⇒) By Lemma 4.2.6, (F ,G+) is an almost dual pair.

(⇐) Suppose that (F ,G+) is an almost dual pair. Let M ∈ R-Mod, if M ∈ F , then

M∗ ∈ G+ and hence M∗ is a pure submodule of N for some N ∈ G. Since M∗ is pure-

injective it follows from Theorem 2.2.19 that M∗ is a direct summand of N. Since G is

closed under summands (by hypothesis), M∗ ∈ G. Conversely, if M∗ ∈ G, then M∗ ∈ G+ and

hence M ∈F . Let {Mi}i∈I be a family of modules in G, thus Mi ∈ G+ and hence ∏
i∈I

Mi ∈ G+

and this implies that ∏
i∈I

Mi is a pure submodule of B for some B ∈ G. Since ∏
i∈I

Mi is pure-

injective, ∏
i∈I

Mi is a direct summand of B and hence ∏
i∈I

Mi ∈G. Therefore, (F ,G) is an almost

dual pair. r

In the following propositions, we will give some properties of F and G, when (F ,G) is

an almost dual pair.

Proposition 4.2.8 If (F ,G) is an almost dual pair, then:

(1) F is closed under pure submodules, pure homomorphic images, pure extensions,

direct sums and direct limits.

(2) F is covering in R-Mod.

(3) F is definable if and only if it is closed under direct products if and only if every left

R-module has a F-preenvelope.

PROOF: (1) Let 0→ L→ M → N → 0 be any pure exact sequence of left R-modules.

By Lemma 2.2.3, the exact sequence 0 → N∗ → M∗ → L∗ → 0 is split and hence by

Lemma 2.1.2 we have that M∗ ' N∗⊕L∗. If M ∈ F , then M∗ ∈ G. Since G is closed under

direct summands, L∗,N∗ ∈ G and hence L,N ∈ F . Thus F is closed under pure submodules

and pure homomorphic images.

Conversely, if L,N ∈F , then L∗,N∗ ∈G. Since G is closed under direct products, M∗ ∈G

and hence M ∈F . Thus F is closed under pure extensions. Let {Mi}i∈I be such that Mi ∈F

for each i, thus M∗i ∈ G and hence ∏
i∈I

M∗i ∈ G. Since (
⊕
i∈I

Mi)
∗ = ∏

i∈I
M∗i (by Lemma 2.1.5(2))

so
⊕
i∈I

Mi ∈ F and hence F is closed under direct sums. Also, if {Mi}i∈I is a directed

system then there is a pure epimorphism η :
⊕
i∈I

Mi → lim
−→

Mi (by Lemma 2.2.6(2)).

Since F is closed under pure homomorphic images, lim
−→

Mi ∈ F .

(2) By (1) , F is closed under direct sums and pure homomorphic images and hence by
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Theorem 2.3.2 we have that F is covering in R-Mod.

(3) This follows from (1) and Lemma 2.3.5. r

Theorem 2.16 in [9, p. 137] is a special case of Proposition 4.2.8 (3) if we take (F ,G) to

be the almost dual pair (n-X -RF lat,n-X -InjR) in Examples 4.2.5 (4).

Proposition 4.2.9 If (F ,G) is an almost dual pair, then:

(1) G+ is closed under direct sums.

(2) Pinj G is enveloping in Mod-R.

(3) G+ is definable if and only if it is closed under direct limits.

PROOF: (1) Let {Mi}i∈I be any subclass of G+. Since (F ,G) is an almost dual pair,

∏
i∈I

Mi ∈ G+. Since G+ is closed under pure submodules and the canonical embedding⊕
i∈I

Mi→ ∏
i∈I

Mi is a pure monomorphism (by Lemma 2.2.6(1)) it follows that
⊕
i∈I

Mi ∈ G+.

(2) By Lemma 2.3.4.

(3) Suppose that G+ is closed under direct limits. It is clear that G+ is closed under

pure submodules. By Lemma 4.2.6, (F ,G+) is an almost dual pair and hence G+ is closed

under direct products. This implies that G+ is definable. The converse is immediate from

the definition. r

Proposition 4.2.10 If (F ,G) is an almost dual pair, then PinjF ⊆ ProdG∗ and ProdF∗ ⊆

PinjG.

PROOF: Let M ∈ PinjF , thus M ∈ F and M is a pure-injective. Since (F ,G) is an almost

dual pair, M∗ ∈ G and hence M∗∗ ∈ ProdG∗. Since δM : M→M∗∗ is a pure monomorphism

(by Lemma 2.2.4) and M is pure-injective it follows from Theorem 2.2.19 that M is a direct

summand of M∗∗ and hence M ∈ ProdG∗. Thus PinjF ⊆ ProdG∗.

The second part is immediate from the assumption that (F ,G) is an almost dual pair. r

4.2.2 Natural bijections induced by almost dual pairs

Let G be a class of modules. We will use G� to denote the class:
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G� = {M |M∗ ∈ G}.

Proposition 4.2.11 Let G be a class of right R-modules closed under direct summands and

products. Then the class F = G� is the unique class of left R-modules such that (F ,G) is

an almost dual pair.

PROOF: It is clear that (F ,G) is an almost dual pair. Assume that E is another class of

left R-modules such that (E ,G) is an almost dual pair. Let M ∈ R-Mod, then M ∈ E if and

only if M∗ ∈ G if and only if M ∈ F and hence E =F . Thus the class F = G� is the unique

class of left R-modules such that (F ,G) is an almost dual pair. r

Proposition 4.2.12 There is a natural bijection between classes of right R-modules closed

under direct summands and products and almost dual pairs.

PROOF: Let X = {G ⊆Mod-R | G= ProdG} and let Y = {(F ,G) | (F ,G) is an almost dual

pair}. Define Φ : X → Y by Φ(G) = (G�,G), for all G ∈ X .

Let G1,G2 ∈ X such that Φ(G1) = Φ(G2), thus (G�1 ,G1) = (G�2 ,G2) and hence G1 = G2 and

this implies that Φ is an injection.

Let (F ,G) ∈Y, thus G ∈ X and Φ(G) = (G�,G). By Proposition 4.2.11, G� =F and hence

Φ(G) = (F ,G) and this implies that Φ is a surjection. Therefore, Φ is a bijection. r

Theorem 4.2.13 There are natural bijections between the elements of the following:

(1) X = {G ⊆Mod-R | G = ProdG = PinjG};

(2) Y = {(F ,G) | (F ,G) is an almost dual pair with G = PinjG};

(3) Z = {(F ,G) | (F ,G) is an almost dual pair with G = G+ and G is closed under

pure-injective hulls}.

PROOF: Define Φ : X → Y by Φ(G) = (G�,G), for all G ∈ X . By a similar argument

to the proof of Proposition 4.2.12, we can prove Φ is a bijection. Define Θ : Y → Z by

Θ((F ,G)) = (F ,G+), for all (F ,G) ∈ Y .

First, we will prove that (F ,G+) ∈ Z for all (F ,G) ∈ Y . Since (F ,G) is an almost dual

pair it follows from Lemma 4.2.6 that (F ,G+) is an almost dual pair. Since G+ is closed
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under pure submodules, (G+)+ = G+. Let M ∈ G+; thus M is a pure submodule of N for

some N ∈ G. By [22, Exercise 2.3, p. 433], PE(M) is a direct summand of PE(N). Since

G = PinjG it follows that PE(N) = N and hence PE(M)∈ G ⊆G+. Thus G+ is closed under

pure injective hulls and hence (F ,G+) ∈ Z for all (F ,G) ∈ Y .

Now we will prove Θ is a bijection. Let (F1,G1), (F2,G2) ∈ Y such that Θ((F1,G1)) =

Θ((F2,G2)), thus (F1,G+1 ) = (F2,G+2 ) and hence F1 =F2 and G+1 = G+2 . Let M ∈ G1, thus

M ∈G+1 and hence M ∈G+2 and this implies that M is a pure submodule of B for some B∈G2.

Since G1 = PinjG1 it follows that M is pure-injective and hence M is a direct summand of

B and this implies that M ∈ G2 and so G1 ⊆ G2. Similarly, we can prove that G2 ⊆ G1 and

hence G1 = G2. Thus (F1,G1) = (F2,G2) and hence Θ is an injection. Let (F ,G) ∈ Z, thus

(F ,PinjG) ∈ Y and Θ(F ,PinjG) = (F ,(PinjG)+). We will prove (PinjG)+ = G. Since

PinjG ⊆ G it follows that (PinjG)+ ⊆ G+ = G. Let M ∈ G, thus PE(M) ∈ G and hence

PE(M) ∈ PinjG. Since M is a pure submodule of PE(M) it follows that M ∈ (PinjG)+ and

hence G ⊆ (PinjG)+ and this implies that (PinjG)+ = G. Thus (F ,(PinjG)+) = (F ,G) and

hence Θ is a surjection. Therefore, Θ is a bijection. r

A non-zero right R-module M is said to be superdecomposable if it has no (non-zero)

indecomposable direct summands.

Theorem 4.2.14 If M is a non-zero left R-module, then M∗ is not superdecomposable.

PROOF: See [45, Theorem 3.3, p. 5]. r

Recall (see, e.g. [2, p. 72]) that a non-zero submodule N of a right R-module M is said

to be essential in M if N∩B 6= 0 for any non-zero submodule B of M.

Also, we recall that a right R-module M is said to be uniform if every non-zero submod-

ules of M is essential in M (see, e.g. [2, p. 294]).

Lemma 4.2.15 Let R be a domain which is not uniform as a right R-module and let E =

E(RR) be its injective hull. If E is a non-zero superdecomposable module, then EI is also a

non-zero superdecomposable right R-module for any index set I.

PROOF: Let M be a non-zero submodule of EI . Choose a be a non-zero element in M, say
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a = (ai)i∈I . Choose j ∈ I such that a j 6= 0. Since a j ∈ E and R is essential in E, there is s∈ R

such that a js 6= 0, a js∈ R. Consider the R-homomorphism f : R→ EI defined by f (r) = asr

for all r ∈ R. Then ker( f ) = 0, because if r ∈ ker( f ) then asr = 0 so a jsr = 0. Since R is

a domain, this implies r = 0. Therefore R ' im( f ) and im( f ) is a submodule of M. Since

RR is not a uniform R-module, neither is M. Therefore, EI contains no non-zero uniform

submodule. Assume that EI has a non-zero indecomposable direct summand N. Thus N is

an indecomposable injective submodule of EI . Since a non-zero module is uniform if and

only if its injective hull is indecomposable (by [2, p. 294]) it follows that N is a uniform

submodule of EI and this is a contradiction. Thus EI is a non-zero superdecomposable

module. r

The following example shows that if (F ,G) is an almost dual pair then it is not neces-

sarily the case that ProdF∗ = PinjG.

Example 4.2.16 Let R = k < X ,Y > be the free associative algebra (ring of non-

commutative polynomials) generated by two indeterminates X ,Y over a field k and let

E = E(RR) be its injective hull. By [52, Example 4.4.3, p. 172], R is a domain which is not

uniform as a right R-module and E is a non-zero superdecomposable pure-injective right

R-module and hence from Lemma 4.2.15 we have that EI is a non-zero superdecomposable

module for any index set I. Since the class of non-zero superdecomposable right R-modules

is closed under non-zero direct summands, the non-zero modules in ProdE are superde-

composable. Assume that (0,ProdE) is not an almost dual pair, thus there is M∗ ∈ ProdE

and M 6= 0. Since M∗ 6= 0 it follows that M∗ is superdecomposable and this contradicts

Theorem 4.2.14. Thus (0,ProdE) is an almost dual pair. Since Pinj(ProdE) = ProdE 6= 0,

thus Prod0∗ = {0} $ Pinj(ProdE). Thus, in contrast to Proposition 4.2.11, given F as in

Proposition 4.2.8 (1) (and assuming it is part of an almost dual pair) there is not in general a

unique almost dual pair with F as first component.

In the following theorem, we will give another natural bijection involving almost dual

pairs.

Theorem 4.2.17 There is a natural bijection between the elements of the following:
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(1) X = {G ⊆Mod-R | G = ProdG = PinjG = Prod(G�)∗};

(2) Y = {F ⊆ R-Mod | there is G ⊆Mod-R such that (F ,G) is an almost dual pair and

PinjG = ProdF∗}.

PROOF: Define Ψ : X → Y by Ψ(G) = G�, for all G ∈ X . Let G1,G2 ∈ X be such that

Ψ(G1) = Ψ(G2), thus G�1 = G�2 and hence Prod(G�1 )∗ = Prod(G�2 )∗. By hypothesis, G1 =

Prod( G�1 )∗ and G2 = Prod(G�2 )∗ and hence G1 = G2 and this implies that Ψ is an injection.

Let F ∈ Y , thus there is G ⊆Mod-R such that (F ,G) is an almost dual pair with PinjG =

ProdF∗. Thus (F ,PinjG) is an almost dual pair and hence from Proposition 4.2.11 we have

that (PinjG)� = F and so PinjG ∈ X . Then Ψ(PinjG) = (PinjG)� = F and hence Ψ is a

surjection and this implies that Ψ is a bijection. r

4.2.3 Almost dual pairs induced by classes of finitely presented mod-

ules

Let S,T ⊆ R-mod. In the following, we will introduce types of almost dual pair defined

in terms of conditions on S and T which cover many well known examples of almost dual

pairs. But first we need the following results.

Lemma 4.2.18 Let R be an algebra over a commutative ring K, let S ⊆ R-mod and let

M be a submodule of a module in ProdS∗. If α : M → N is an R-homomorphism such

that α ⊗R A : M⊗R A→ N⊗R A is a K-monomorphism for all A ∈ S, then α is a DH-pure

monomorphism.

PROOF: Suppose that M is a submodule of a module in ProdS∗, thus M is a submodule

of ∏
i∈I

M∗i with Mi ∈ S. Suppose that α⊗R A : M⊗R A→ N⊗R A is a K-monomorphism

for all A ∈ S. Since E is an injective K-module, the sequence HomK(N ⊗R A,E)→

HomK(M⊗R A,E)→ 0 is exact. By Lemma 2.1.6, the sequence HomR(N,HomK(A,E))→

HomR(M, HomK(A,E)) → 0 is exact for all A ∈ S. Since Mi ∈ S, the se-

quence HomR(N,M∗i )→ HomR(M,M∗i )→ 0 is exact, for all i ∈ I and hence the sequence

∏
i∈I

HomR(N,M∗i ) → ∏
i∈I

HomR(M,M∗i ) → 0 is exact and this implies that the sequence

HomR(N, ∏
i∈I

M∗i )→ HomR(M, ∏
i∈I

M∗i )→ 0 is exact, by Lemma 2.1.5(1). Let i : M→ ∏
i∈I

M∗i
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be the inclusion, thus there is f ∈ HomR(N, ∏
i∈I

M∗i ) such that f α = i and hence α is an

R-monomorphism. Since α ⊗R A is a K-monomorphism for all A ∈ S it follows from

Theorem 3.1.1 that α is a DH-pure monomorphism. r

Proposition 4.2.19 Let R be an algebra over a commutative ring K, let S ⊆ R-mod (not

necessarily containing RR) and let M ∈ R-Mod be such that M∗ is a submodule of a module

in ProdS∗. Then there is an S-pure epimorphism α :
⊕
i∈I

Mi→M with Mi ∈ S for all i ∈ I.

PROOF: Let M be a left R-module such that M∗ = HomK(M,E) is a submodule of a mod-

ule in ProdS∗. Let F be the class of modules which are isomorphic to a direct sum of

modules in S. By [57, Corollary 3.7(a), p. 905], every left R-module has an F-precover.

Let α :
⊕
i∈I

Mi → M be an F-precover of M where Mi ∈ S and let Σ = 0 →

ker(α)
i→
⊕
i∈I

Mi
α→ M → 0. For any A ∈ S, since HomR(A,−) is a left exact functor (by

e.g. [2, Proposition 16.6, p. 183]) and α is an F-precover of M it follows that the induced

sequence of K-modules 0→ HomR(A,ker(α))→ HomR(A,
⊕
i∈I

Mi)→ HomR(A,M)→ 0 is

exact. Since E is an injective K-module, the sequence 0 → HomK(HomR(A,M),E) →

HomK(HomR(A,
⊕
i∈I

Mi),E)→ HomK(HomR(A,ker(α)),E)→ 0 is exact. By Lemma 2.1.9,

the sequence 0→HomK(M,E)⊗R A→HomK(
⊕
i∈I

Mi,E)⊗R A→HomK(ker(α),E)⊗R A→

0 is exact, for all A ∈ S. Since M∗ is a submodule of a module in ProdS∗ (by hypothesis), it

follows from Lemma 4.2.18 that the sequence 0→M∗→ (
⊕
i∈I

Mi)
∗→ (ker(α))∗→ 0 is

DH-pure exact. By Lemma 2.1.10, the sequence Σ is exact and hence from Theo-

rem 3.1.1 we have that Σ is an S-pure exact sequence. Hence there is an S-pure epimor-

phism α :
⊕
i∈I

Mi→M with Mi ∈ S for all i ∈ I. r

Lemma 4.2.20 Let S,T ⊆ R-mod. Then the following statements are equivalent for a left

R-module M.

(1) There is a T -pure exact sequence of left R-modules 0→ A→
⊕
j∈J

M j
α→M→ 0 with

M j ∈ S for all j ∈ J.

(2) M∗ is a DK-pure submodule of a module in ProdS∗.

(3) M∗ is a submodule of a module in ProdS∗ and every DH-pure exact sequence of right

R-modules 0→M∗ α→ A→ B→ 0 is DK-pure.
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(4) M∗ is a submodule of a module in ProdS∗ and every S-pure exact sequence of left

R-modules 0→ P→ Q→M→ 0 is T -pure.

PROOF: (1)⇒ (2) Suppose that there is a T -pure exact sequence of left R-modules 0→

A→
⊕
j∈J

M j
α→ M → 0 with M j ∈ S for all j ∈ J. By Theorem 3.1.1, the exact sequence

0→M∗ α∗→ ∏
j∈J

M∗j → A∗→ 0 is DK-pure and hence M∗ is a DK-pure submodule of ∏
j∈J

M∗j ∈

ProdS∗.

(2)⇒ (3) Suppose that M∗ is a DK-pure submodule of N ∈ ProdS∗ and let i : M∗→ N

be the inclusion. Let Σ : 0→ M∗ α→ A→ B→ 0 be any DH-pure exact sequence of right

R-modules. By Theorem 3.1.4, N is DH-pure-injective and hence there is a homomor-

phism g : A→ N such that gα = i. Since i is a DK-pure monomorphism it follows from

Lemma 2.2.16(2) that α is a DK-pure monomorphism and hence the exact sequence Σ is

DK-pure.

(3)⇒ (4) This follows by Theorem 3.1.1.

(4)⇒ (1) Suppose that M∗ is a submodule of a module in ProdS∗ and that every S-pure

exact sequence of left R-modules 0→ P→ Q→M→ 0 is T -pure. By Proposition 4.2.19,

there is an S-pure exact sequence of left R-modules Σ : 0→ A→
⊕
j∈J

M j
α→ M → 0 with

M j ∈ S for all j ∈ J and hence by hypothesis we have Σ is T -pure. r

Corollary 4.2.21 Let S,T ⊆ R-mod. Then the following statements are equivalent for a left

R-module M.

(1) There is a T -pure exact sequence of left R-modules 0→ A→
⊕
j∈J

M j
α→M→ 0 with

M j ∈ S∪{RR} for all j ∈ J.

(2) M∗ is a DK-pure submodule of a module in DH-Pinj.

(3) Every DH-pure exact sequence of right R-modules 0→ M∗ α→ A→ B→ 0 is

DK-pure.

(4) Every S-pure exact sequence of left R-modules 0→ P→ Q→M→ 0 is T -pure.

PROOF: Since Prod(S∪{RR})∗ = DH-Pinj (by Theorem 3.1.4) it follows from Corol-

lary 3.1.3 that M∗ is a submodule of a module in DH-Pinj. Thus the result follows from

Lemma 4.2.20. r



CHAPTER 4. DEFINABILITY OF THE CLASSES (LIM−−→S) AND (PROD S∗) 78

Example 4.2.22 Let T ⊆R-mod and let S⊆mod-R. Recall that a right (resp. left) R-module

A (resp. M) is said to be absolutely S-pure (resp. T -flat) in the sense of Wisbauer [79]

if every exact sequence 0→ A→ B→ C → 0 (resp. 0→ L→ N → M → 0) is S-pure

(resp. T -pure). Let A-S-PureR (resp. T -RFL) be the class of absolutely S-pure right (resp.

T -flat left) R-modules in the sense of Wisbauer. Since A-S-PureR is closed under direct

summands and direct products (by [79, 35.2 (1), p. 298]) it follows from Corollary 4.2.21

that (T -RFL,A-DK-PureR) is an almost dual pair.

Lemma 4.2.23 Let S be any class of finitely presented right R-modules. For all i ∈ I, sup-

pose that 0→ Ai → Bi → Ci → 0 is an exact sequence of right R-modules. Then the ex-

act sequence 0→ ∏
i∈I

Ai → ∏
i∈I

Bi → ∏
i∈I

Ci → 0 is S-pure if and only if the exact sequence

0→ Ai→ Bi→Ci→ 0 is S-pure, for all i ∈ I.

PROOF: Assume that the exact sequence 0→ ∏
i∈I

Ai→ ∏
i∈I

Bi→ ∏
i∈I

Ci→ 0 of right

R-modules is S-pure. Let H be a class of matrices over R such that DH = S and let M ∈

LH. By Theorem 3.1.1, the sequence 0→ (∏
i∈I

Ai)⊗R M→ (∏
i∈I

Bi)⊗R M→ (∏
i∈I

Ci)⊗R M→ 0

is exact. Since (∏
i∈I

Ni)⊗R M ' ∏
i∈I
(Ni⊗R M), for any family {Ni}i∈I of right R-modules

(by the left version of Lemma 2.1.8), the sequence 0→ ∏
i∈I
(Ai⊗R M)→ ∏

i∈I
(Bi⊗R M)→

∏
i∈I
(Ci⊗R M)→ 0 is exact. Therefore, for each i∈ I, the sequence 0→Ai⊗R M→Bi⊗R M→

Ci⊗R M→ 0 is exact (by e.g. [31, p. 86]) and hence the sequence 0→ Ai→ Bi→Ci→ 0 is

S-pure, by Theorem 3.1.1. The converse follows by reversing the above argument. r

Let S,T ⊆ R-mod and let L ⊆ mod-R. We will define the classes T -S-RF lat and

L-S-PinjR as follows:

T -S-RF lat = {M | there is a T -pure exact sequence of left R-modules 0→ A→
⊕
j∈J

M j
α→

M→ 0 with M j ∈ S} and

L-S-PinjR = {N | N is an L-pure submodule of a module in ProdS∗}.

The following theorem is the main result in this subsection.

Theorem 4.2.24 Let S,T ⊆ R-mod. Then:

(1) (T -S-RF lat,DK-S-PinjR) is an almost dual pair;
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(2) T -S-RF lat is covering in R-Mod and it is closed under pure submodules, pure homo-

morphic images, pure extensions, direct sums and direct limits.

PROOF: (1) Let M ∈ R-Mod. By Lemma 4.2.20, M ∈ T -S-RF lat if and only if M∗ ∈

DK-S-PinjR. Also, from Lemma 4.2.23 we have that DK-S-PinjR is closed under direct

products and summands. Hence (T -S-RF lat,DK-S-PinjR) is an almost dual pair.

(2) By Proposition 4.2.8. r

Corollary 4.2.25 [26, Theorem 1.4, p. 545] Let S ⊆ R-mod. Then (lim
−→

(addS), ProdS∗) is

an almost dual pair.

PROOF: Let M ∈ R-Mod. Thus M ∈ lim
−→

(addS) if and only if M ∈ LK-addS-RF lat, where

K is the class of matrices over R with finitely many rows and finitely many columns (by

Lemma 2.2.5) if and only if M∗ is a pure submodule of a module in Prod(addS)∗ (by The-

orem 4.2.24(1)) if and only if M∗ is a pure submodule of a module in ProdS∗ if and only if

M∗ ∈ ProdS∗. Hence (lim
−→

(addS), ProdS∗) is an almost dual pair. r

Let S ⊆ mod-R. Stenström in [70] introduced the concept of an (S-pure)-flat left

R-module as follows: a left R-module M is said to be (S-pure)-flat if for every S-pure exact

sequence of right R-modules 0→ A→ B→C→ 0, the sequence 0→ A⊗R M→ B⊗R M→

C⊗R M→ 0 is exact.

Lemma 4.2.26 (see, e.g. [67, Lemma 8.1, p. 118]) Let S ⊆ mod-R. A left R-module M is

(S-pure)-flat if and only if M? is S-pure-injective.

Corollary 4.2.27 Let S ⊆ R-mod. Then lim
−→

(add(S∪{RR})) = {M |M is a (DH-pure)-flat

left R-modules}.

PROOF: For any left R-modules M, we have M ∈ lim
−→

(add(S ∪ {RR})) if and only if

M? ∈ Prod(S∪ {RR})? (by Corollary 4.2.25) if and only if M? is DH-pure-injective (by

Theorem 3.1.4) if and only if M is (DH-pure)-flat, by Lemma 4.2.26. r
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As special cases of Corollary 4.2.25, we have the following examples:

Examples 4.2.28 (1) If S = {RR}, then addS = Rproj (the class of finitely generated

projective left R-modules). Hence lim
−→

(addS) = lim
−→

(Rproj) = RF lat (by Lazard [35]) and

ProdS∗ = Prod{RR}∗ = InjR (by Theorem 3.1.4). Also, (ProdS∗)+ = (InjR)
+ = APureR

(by Lemma 2.2.7). Thus (RF lat, InjR) and (RF lat,APureR) are almost dual pairs.

(2) If S = R-mod, then addS = R-mod and hence lim
−→

(addS) = lim
−→

(R-mod) = R-Mod

(by Lemma 2.1.12), and ProdS∗ = Prod(R-mod)∗ = PinjR (by Theorem 3.1.4). Also,

(ProdS∗)+ = (PinjR)
+ = Mod-R (by Theorem 2.2.14). Thus (R-Mod,PinjR) and

(R-Mod,Mod-R) are almost dual pairs.

(3) Recall (see [14]) that a left R-module M is said to be RD-flat if for ev-

ery RD-pure exact sequence of right R-modules 0→ A→ B→ C → 0, the sequence

0→ A⊗R M → B⊗R M → C⊗R M → 0 is exact. We will use RRD-Flat to denote the

class of RD-flat left modules. Let H be the set of 1× 1 matrices over R and let S = LH.

Thus S (resp. DH) is the class of (1,1)-presented left (resp. right) R-modules and

hence a left R-module M is (DH-pure)-flat if and only if M is RD-flat. By Corollary 4.2.27,

lim
−→

(addS) = RRD-Flat. Since ProdS∗ =RD-InjR it follows that (RRD-Flat,RD-InjR) and

(RRD-Flat,(RD-InjR)
+) are almost dual pairs.

(4) Let R be a tame hereditary finite-dimensional algebra over a field k and let RP (resp.

RI, resp. RR) be the class of finitely generated indecomposable preprojective (resp. prein-

jective, resp. regular) left R-modules and write PR,IR, RR for the corresponding classes of

right modules.

(i) If S = {M}, where M ∈ R-mod, then from [33, Lemma 1.2, p. 633] we have that

lim
−→

(addS) = Add(addM) = AddM and lim
−→

(addS) = Prod(addM) = ProdM and hence

(AddM,ProdM∗) = (ProdM,ProdM∗) is an almost dual pair.

(ii) If S = RP, then from [3, Corollary 11, p. 11] we have lim
−→

(add RP) = RT Free (the

class of torsion free left R-modules in the sense of Ringel [58], i.e., the class ⊥(RR) = {M |

Ext1R(M,L)= 0 for all L∈ RR}). Since Prod RP∗=ProdIR it follows that (RT Free,ProdIR)

is an almost dual pair. Also, since a hereditary algebra R is tame if and only if the class

ProdIR is definable (by [83, Theorem 3.2, p. 351]) it follows that ProdIR is definable and
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hence (ProdIR)
+ = ProdIR.

(iii) If S = RP ∪ RR, then from [4, Example 5.2(1), p. 308] we have lim
−→

(addS) =

⊥(add RI) = ⊥(RI). Since ProdS∗ = Prod(RP ∪ RR)∗ = Prod(RP∗ ∪ RR∗) = Prod(IR ∪RR)

it follows that (⊥(RI),Prod(IR ∪RR)) and (⊥(RI),(Prod(IR ∪RR))
+) are almost dual pairs.

(iv) A right R-module M is said to be separable if every finite subset of M is con-

tained in a finitely presented direct summand of M [48, p. 401]. Let T FSR be the class

of torsion-free (in the sense of Ringel) separable right R-modules. By [3, Proposition 21,

p. 15], (ProdPR)
+ = T FSR and hence ( lim

−→
(add RI),ProdPR) and ( lim

−→
(add RI),T FSR) are

almost dual pairs.

(v) If S= RP∪R R∪R I, then add(RP ∪RR∪R I)=R-mod. Thus lim
−→

(addS)= lim
−→

(R-mod)

= R-Mod, ProdS∗ = Prod(R-mod)∗ = PinjR and (ProdS∗)+ = (PinjR)
+ = Mod-R. Hence

(R-Mod,PinjR) and (R-Mod,Mod-R) are almost dual pairs.

Corollary 4.2.29 Let S⊆ R-mod. Then:

(1) (lim
−→

(addS),(ProdS∗)+) is an almost dual pair.

(2) The following statements are equivalent for a left R-module M:

(i) M ∈ lim
−→

(add(S∪{RR}));

(ii) M∗ is a DH-pure-injective module;

(iii) every DH-pure exact sequence of right R-modules 0→M∗ α→ A→ B→ 0 is pure;

(iv) every S-pure exact sequence of left R-modules 0→ P→ Q→M→ 0 is pure.

PROOF: (1) By Corollary 4.2.25 and Lemma 4.2.6.

(2) The result follows by taking T = LK where K is the class of matrices over R with

finitely many rows and finitely many columns and applying Corollary 4.2.21. r

Lemma 4.2.30 (see [32, Theorem 3.12, p. 28]) Let F be a definable subcategory of R-Mod.

Then the following statements are equivalent:

(1) There is a subcategory S = addS of R-mod such that F = lim
−→

S.

(2) Every finitely presented left R-module has an F-preenvelope in R-mod.
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Corollary 4.2.31 Let F be a definable subcategory of R-Mod. Then the following state-

ments are equivalent:

(1) (F ,ProdS∗) is an almost dual pair, for some subcategory S = addS of R-mod.

(2) Every finitely presented left R-module has an F-preenvelope in R-mod.

PROOF: (1)⇒ (2) Suppose that there is a subcategory S = addS of R-mod such that

(F ,ProdS∗) is an almost dual pair. By Corollary 4.2.25, (lim
−→

S,ProdS∗) is an almost dual

pair and hence by Proposition 4.2.11 we have that F = lim
−→

S. Thus the result follows from

Lemma 4.2.30.

(2)⇒ (1) Reverse the above argument. r

Corollary 4.2.32 Let R be a tame hereditary finite-dimensional algebra over a field k, let

R1 be a class of indecomposable regular right R-modules and let S be a simple regular left

R-module. Then S∗[∞]∈ lim
−→

(addR1) if and only if (R1)
∗∩TS is infinite, where TS = {M |M

is an indecomposable regular left R-module with HomR(M,S) 6= 0}.

PROOF: (⇒) Suppose that S∗[∞] ∈ lim
−→

(addR1). Since (lim
−→

(addR1),Prod(R1)
∗) is an

almost dual pair (by Corollary 4.2.25), (S∗[∞])∗ ∈ Prod(R1)
∗. Since (S∗[∞])∗ = Ŝ (by [59,

p. 109]) it follows that Ŝ ∈ fsc((R1)
∗). By Theorem 3.4.19, (R1)

∗∩TS is infinite.

(⇐) Reverse the above argument. r

Corollary 4.2.33 Let R be a tame hereditary finite-dimensional algebra over a field k. Then

the following statements are equivalent for a left R-module M:

(1) M is torsion-free (i.e., M ∈ RT Free);

(2) M∗ ∈ ProdIR;

(3) Every DH-pure exact sequence of right R-modules 0→M∗ α→ A→ B→ 0 is pure,

whereH is a class of matrices over R such that LH = RP;

(4) Every RP-pure exact sequence of left R-modules 0→C→ D→M→ 0 is pure.

PROOF: (1)⇔ (2) By Examples 4.2.28(4(ii)).
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(2)⇔ (3)⇔ (4) LetH be a class of matrices over R such that LH = RP. Thus DH-Pinj=

Prod(ind((LH∪{RR})∗)) (by Proposition 3.4.5) = Prod(ind((RP∪{RR})∗)) =

Prod(ind(IR ∪{RR}∗)) = ProdIR. Thus the result follows by taking S = RP and applying

Corollary 4.2.29(2). r

In the following result, we will compare two purities by using the class lim
−→

(addS).

Proposition 4.2.34 Let S,T ⊆ R-mod and let H,K be sets of matrices over R such that

LH = S and LK = T . Then the following statements are equivalent.

(1) Every T -pure short exact sequence of left R-modules is S-pure.

(2) lim
−→

(addS)⊆ lim
−→

(add(T ∪{RR})).

(3) S⊆ lim
−→

(add(T ∪{RR})).

(4) The corresponding assertions hold for right modules (for example, every DK-pure

short exact sequence of right R-modules is DH-pure).

PROOF: (1)⇒ (2) By Theorem 3.2.1, S ⊆ add(T ∪{RR}) and hence lim
−→

(addS)⊆

lim
−→

(add(T ∪{RR})).

(2)⇒ (3) This is obvious.

(3)⇒ (1) Suppose that S ⊆ lim
−→

(add(T ∪{RR})), thus S∗ ⊆ (lim
−→

(add(T ∪{RR})))∗ ⊆

Prod(T ∪{RR})∗ (by Corollary 4.2.25). By Theorem 3.2.1, every T -pure short exact se-

quence of left R-modules is S-pure.

(1)⇔ (4) This follows by Theorem 3.2.1. r

Theorem I.4 in [14, p. 3679] is a special case of the following corollary by taking T

to be the class of (1,1)-presented left R-modules. Also, if we take T = {RR} and apply

Corollary 4.2.35 then we will get many well-known equivalent characterizations of von

Neumann regular rings, see for example [79, 37.6, p. 316].

Corollary 4.2.35 Let T ⊆ R-mod and let K be a set of matrices over R such that LK = T .

Then the following statements are equivalent:

(1) T -purity = purity for short exact sequences of left R-modules;

(2) RPinj = T -Pinj;
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(3) RPproj = T -Pproj;

(4) R-mod = add(T ∪{RR});

(5) R-mod⊆ T -Pproj;

(6) R-mod⊆ lim
−→

(add(T ∪{RR}));

(7) R-Mod = lim
−→

(add(T ∪{RR}));

(8) R-Mod = (T -Pinj)+;

(9) The corresponding assertions hold for right modules (for example, DK-purity =

purity for short exact sequences of right R-modules).

PROOF: (1)⇔ (2)⇔ (3)⇔ (4) By [56, Theorem 2.5, p. 2136].

(4)⇒ (5) Since add(T ∪{RR})⊆ T -Pproj it follows from (4) that R-mod⊆ T -Pproj.

(5)⇒ (6) Since lim
−→

(add(T ∪ {RR})) is closed under direct sums and summands and

since T -Pproj = Add(T ∪ {RR}) (by Proposition 3.1.2(2)) it follows that T -Pproj ⊆

lim
−→

(add(T ∪{RR})). By (5), R-mod⊆ lim
−→

(add(T ∪{RR})).

(6)⇒ (7)⇒ (1)⇔ (9) This follows by taking S=R-mod and applying Proposition 4.2.34.

(2)⇒ (8) Suppose that RPinj = T -Pinj, thus (RPinj)+ = (T -Pinj)+. Since (RPinj)+ =

R-Mod (by Theorem 2.2.14) it follows that R-Mod = (T -Pinj)+.

(8)⇒ (2) Suppose that R-Mod = (T -Pinj)+, thus R-Mod∩ RPinj = (T -Pinj)+∩ RPinj.

Since (T -Pinj)+∩ RPinj = T -Pinj it follows that RPinj = T -Pinj. r

Corollary 4.2.36 Let S,T ⊆R-mod and letH,K be sets of matrices over R such that LH = S

and LK = T . Then the following statements are equivalent.

(1) T -purity = S-purity for short exact sequences of left R-modules.

(2) lim
−→

(add(S∪{RR})) = lim
−→

(add(T ∪{RR})).

(3) DK-purity = DH-purity for short exact sequences of right R-modules.

(4) lim
−→

(add(DH∪{RR})) = lim
−→

(add(DK∪{RR})).

PROOF: By Corollary 3.2.3 and Proposition 4.2.34. r



CHAPTER 4. DEFINABILITY OF THE CLASSES (LIM−−→S) AND (PROD S∗) 85

4.3 Definable classes induced by almost dual pairs

Proposition 4.3.1 Let (F ,G) be an almost dual pair. Then F is definable if and only if

F∗∗ ⊆F .

PROOF: (⇒) Suppose that F is definable and let M ∈ F . By Lemma 2.4.6, M∗∗ ∈ F and

hence F∗∗ ⊆F .

(⇐) Suppose that F∗∗ ⊆ F and let {Mi}i∈I be any family of modules in F . By Propo-

sition 4.2.8(1),
⊕
i∈I

Mi ∈ F and hence (∏
i∈I

M∗i )
∗ = (

⊕
i∈I

Mi)
∗∗ ∈ F . By Lemma 2.2.6(1), the

canonical embedding
⊕
i∈I

M∗i → ∏
i∈I

M∗i is a pure monomorphism and hence from Lemma 2.2.3

we have that (
⊕
i∈I

M∗i )
∗ is isomorphic to a direct summand of (∏

i∈I
M∗i )

∗ and this implies

that ∏
i∈I

M∗∗i = (
⊕
i∈I

M∗i )
∗ ∈ F . Since the canonical monomorphism δMi : Mi → M∗∗i is pure

(by Lemma 2.2.4) it follows from Lemma 2.2.2(2) that ∏
i∈I

δMi : ∏
i∈I

Mi → ∏
i∈I

M∗∗i is a pure

monomorphism. Since F is closed under pure submodules (by Proposition 4.2.8(1)) it fol-

lows that ∏
i∈I

Mi ∈ F and hence F is closed under direct products. It follows by Proposi-

tion 4.2.8(3) that F is definable. r

Let (F ,G) be an almost dual pair. In general, G∗*F (for example, see Example 4.4.5(5)).

In the following theorem, we give equivalent characterizations of definability of G+ in terms

of dual modules; these characterizations are equivalent to the condition G∗ ⊆F .

Theorem 4.3.2 Let (F ,G) be an almost dual pair. Then the following statements are equiv-

alent.

(1) G+ is definable.

(2) (G+)∗ ⊆F .

(3) G∗ ⊆F .

(4) G∗∗ ⊆ G.

(5) (G+)∗∗ ⊆ G.

(6) (G+)∗∗ ⊆ G+.

(7) G+ is closed under pure homomorphic images.

(8) For every M ∈G+, there is a pure exact sequence 0→M→N→ L→ 0 with N∗ ∈F .

(9) For every M ∈ G, there is a pure exact sequence 0→M→ N→ L→ 0 with N∗ ∈F .
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PROOF: (1)⇒ (2) Suppose that G+ is definable and let M ∈ G+. By Lemma 2.4.6, M∗∗ ∈

G+ and hence M∗∗ is a pure submodule of N, for some N ∈ G. Since M∗∗ is pure-injective

(by Proposition 2.2.12) it follows from Theorem 2.2.19 that M∗∗ is a direct summand of N

and hence M∗∗ ∈ G. Since (F ,G) is an almost dual pair, M∗ ∈ F and hence (G+)∗ ⊆F .

(2)⇒ (3) Suppose that (G+)∗ ⊆F . Since G ⊆ G+ it follows that G∗ ⊆F .

(3)⇒ (4) Suppose that G∗ ⊆F , thus G∗∗ ⊆F∗. Since F∗ ⊆ G it follows that G∗∗ ⊆ G.

(4)⇒ (5) Let M ∈ G+, thus M is a pure submodule of N for some N ∈ G and hence M∗∗

is a direct summand of N∗∗. By (4) , N∗∗ ∈ G and hence M∗∗ ∈ G. Thus (G+)∗∗ ⊆ G.

(5)⇒ (6) This is obvious.

(6)⇒ (1) Let (Mi, fi j)I be a direct system of modules in G+. By Proposi-

tion 4.2.9(1),
⊕
i∈I

Mi ∈G+ and from (6) we have (
⊕
i∈I

Mi)
∗∗ ∈G+. Since the canonical epimor-

phism η :
⊕
i∈I

Mi→ lim
−→

Mi is pure, (lim
−→

Mi)
∗∗ is isomorphic to a direct summand of (

⊕
i∈I

Mi)
∗∗

and hence (lim
−→

Mi)
∗∗ ∈ G+. Since δlim

−→
Mi : lim

−→
Mi → (lim

−→
Mi)
∗∗ is a pure monomorphism,

lim
−→

Mi ∈ G+ and hence by Proposition 4.2.9(3) we have that G+ is definable.

(1)⇒ (7) By Theorem 2.4.2.

(7)⇒ (1) Let (Mi, fi j)I be any direct system of modules in G+. Since the canonical

epimorphism η :
⊕
i∈I

Mi→ lim
−→

Mi is pure (by Lemma 2.2.6(2)) and
⊕
i∈I

Mi ∈ G+ (by Proposi-

tion 4.2.9(1)) it follows from (7) that lim
−→

Mi ∈ G+ and hence G+ is definable.

(3)⇒ (8) Let M ∈ G+, thus M is a pure submodule of N for some N ∈ G. By (3),

N∗ ∈ F . Thus there is a pure exact sequence 0→M→ N→ N/M→ 0 with N∗ ∈ F .

(8)⇒ (9) This is obvious.

(9)⇒ (3) Let M ∈ G. By (9), there is a pure exact sequence 0→M→ N→ L→ 0 with

N∗ ∈ F . By Lemma 2.2.3, the exact sequence 0→ L∗→ N∗→M∗→ 0 is split and hence

by Lemma 2.1.2 we have that M∗ is isomorphic to a direct summand of N∗. Since N∗ ∈ F

it follows that M∗ ∈ F and hence G∗ ⊆F . r

Remark 4.3.3 Let n ∈ Z+ and let X ⊆ Mod-R such that the class Xn = {L | L is an FPn

module in X} is nonempty. Recall (see [9, 2.6, p. 132]) that a ring R is said to be left

n-X -coherent if the class n-X -RF lat (see Examples 4.2.5(4)) is closed under direct products.

If we take (F ,G) to be the almost dual pair (n-X -RF lat,n-X -InjR) in Examples 4.2.5(4) and

apply Proposition 4.3.1 and Theorem 4.3.2, then we get some of Bennis’s characterizations
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of n-X -coherent rings in [9, Theorem 2.13, p. 135].

Corollary 4.3.4 Let (F ,G) be an almost dual pair. If G∗ ⊆ F , then every right R-module

has a G+-cover.

PROOF: Suppose that G∗ ⊆F . By Theorem 4.3.2, G+ is closed under pure homomorphic

images. By Proposition 4.2.9(1), G+ is closed under direct sums and hence from Theo-

rem 2.3.2 we have that every right R-module has a G+-cover. r

Remark 4.3.5 Several well-known results in the literature are special cases of

Corollary 4.3.4, for example:

(1) when F is the class of flat left R-modules and G is the class of injective right

R-modules, this yields [51, Theorem 2.6, p. 2193];

(2) when F is the class of torsion-free left R-modules and G is the class of divisible right

R-modules as in [42] then we have [42, Theorem 2.10, p. 713].

In Example 4.2.16 we show that if (F ,G) is an almost dual pair then it is not necessarily

the case that ProdF∗ = PinjG. The following result gives conditions under which we get

ProdF∗ = PinjG.

Lemma 4.3.6 Let (F ,G) be an almost dual pair. Consider the following conditions.

(1) If M ∈ G then M is a pure submodule of N∗ for some module N such that N∗ ∈ G.

(2) ProdF∗ = PinjG.

(3) If M ∈ PinjG then M is a direct summand of N∗ for some module N such that N∗ ∈G.

Then (1)⇒ (2)⇒ (3) and if G is closed under pure-injective hulls then (3)⇒ (1).

PROOF: (1)⇒ (2) By Proposition 4.2.10, ProdF∗ ⊆ PinjG. Let M ∈ PinjG. By (1), M

is a pure submodule of N∗ for some module N such that N∗ ∈ G. Since (F ,G) is an almost

dual pair, N ∈ F and hence N∗ ∈ F∗. Since M is pure-injective, M is a direct summand of

N∗ and hence M ∈ ProdF∗. Thus PinjG ⊆ ProdF∗ and hence ProdF∗ = PinjG.
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(2)⇒ (3) Let M ∈ PinjG. By (2), M ∈ ProdF∗ and hence M is a direct summand of

∏
i∈I

M∗i for some Mi ∈F and this implies that M is a direct summand of (
⊕
i∈I

Mi)
∗. Since (F ,G)

is an almost dual pair,
⊕
i∈I

Mi ∈ F (by Proposition 4.2.8(1)) and hence (
⊕
i∈I

Mi)
∗ ∈ G.

(3)⇒ (1) Suppose that G is closed under pure-injective hulls. Let M ∈ G, thus PE(M)∈

PinjG. By (3) , PE(M) is a direct summand of N∗ for some module N such that N∗ ∈ G.

Since M is a pure submodule of PE(M) it follows that M is a pure submodule of N∗. r

Let (F ,G) be an almost dual pair. In the following proposition, we will give the relation

between definability of F and definability of G+.

Proposition 4.3.7 Let (F ,G) be an almost dual pair. Consider the following statements.

(1) G+ is definable.

(2) F is definable and if M ∈ G then M is a pure submodule of N∗ for some N∗ ∈ G.

(3) F is definable and ProdF∗ = PinjG.

(4) F is definable and if M ∈ PinjG then M is a direct summand of N∗ for some N∗ ∈ G.

Then:

(a) (1)⇒ (2)⇒ (3)⇒ (4).

(b) If G is closed under pure-injective hulls then the four statements are equivalent.

PROOF: (a) (1)⇒ (2) Let M ∈ F , thus M∗ ∈ G and by Theorem 4.3.2 we have that

M∗∗ ∈ F and hence F∗∗ ⊆ F . By Proposition 4.3.1, F is definable. Let M ∈ G, thus by

Theorem 4.3.2 we have that M∗∗ ∈ G. Since δM : M→M∗∗ is a pure monomorphism, M is

a pure submodule of N∗, where N = M∗.

(2)⇒ (3)⇒ (4) By Lemma 4.3.6.

(b) Suppose that G is closed under pure-injective hulls, thus from Lemma 4.3.6 we have

that the statements (2), (3) and (4) are equivalent.

Now we will prove that (2) implies (1). Suppose that (2) holds, thus from Proposi-

tion 4.3.1 we have F∗∗ ⊆ F . Let M ∈ G. By hypothesis, M is a pure submodule of N∗ for

some N ∈ F and hence M∗ is isomorphic to a direct summand of N∗∗. Since F∗∗ ⊆ F it

follows that N∗∗ ∈ F and hence M∗ ∈ F and this implies that G∗ ⊆ F . By Theorem 4.3.2,

G+ is definable. r
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Proposition 4.3.8 Let (F ,G) be an almost dual pair. Then G is definable if and only if

(G,F) is an almost dual pair.

PROOF: (⇒) Suppose that G is definable, thus G+ = G and hence G+ is definable. By

Proposition 4.3.7(a), F is definable and hence F is closed under direct products and sum-

mands. Let M be a left R-module. Suppose that M ∈ G. Since G+ is definable it follows

from Theorem 4.3.2 that M∗ ∈F . Now suppose that M∗ ∈F . Since (F ,G) is an almost dual

pair, M∗∗ ∈ G. Since the canonical monomorphism δM : M→M∗∗ is pure and G is closed

under pure submodules, M ∈ G. Hence (G,F) is an almost dual pair.

(⇐) Suppose that (G,F) is an almost dual pair, thus G∗ ⊆F . Since (F ,G) is an almost

dual pair it follows from Theorem 4.3.2 that G+ is definable. Since (G,F) is an almost dual

pair it follows from Proposition 4.2.8(1) that G is closed under pure submodules and hence

G+ = G and this implies that G is definable. r

Corollary 4.3.9 Let (F ,G) be an almost dual pair. Then:

(1) G+ is definable if and only if (G+,F) is an almost dual pair.

(2) PinjG is definable if and only if (PinjG,F) is an almost dual pair.

(3) ProdF∗ is definable if and only if (ProdF∗,F) is an almost dual pair.

(4) If PinjG and ProdF∗ are definable, then ProdF∗ = PinjG = F�.

PROOF: Suppose that (F ,G) is an almost dual pair. By Lemma 4.2.6 we have that

(F ,G+), (F ,PinjG) and (F ,ProdF∗) are almost dual pairs. Thus (1), (2) and (3) follow

from Proposition 4.3.8.

(4) Suppose that PinjG and ProdF∗ are definable. By (2) and (3) we have that (PinjG,F)

and (ProdF∗,F) are almost dual pairs and hence Proposition 4.2.11 implies that ProdF∗ =

PinjG = F�. r

Theorem 4.4(2) in [61, p. 17] is a special case of the following result if we takeF = RT F

and G =DivR as in Examples 4.2.5(3(iii)).

Proposition 4.3.10 Let (F ,G) be an almost dual pair. If G+ is definable, then:

(1) D(G+) = F .
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(2) D(F) = G+.

PROOF: (1) Suppose that G+ is definable. Let M ∈ D(G+), thus M∗ ∈ D2(G+) (by

Lemma 2.4.5) and hence M∗ ∈ G+, by Lemma 2.4.4. Since (F ,G+) is an almost dual pair,

M ∈ F and hence D(G+)⊆F .

Conversely, let N ∈ F , thus N∗ ∈ G+. By Lemma 2.4.5, N∗∗ ∈ D(G+). Since D(G+) is

definable (by Lemma 2.4.4) and N is a pure submodule of N∗∗ it follows that N ∈ D(G+)

and hence F ⊆D(G+). Therefore, D(G+) = F .

(2) Suppose that G+ is definable. By Lemma 2.4.4,D2(G+) = G+ and from (1) we have

D(F) = G+. r

4.4 Definability of the class (lim−→S)

4.4.1 Definability of the class (lim−→S) by using duality of modules

As an application of the above results, we have the following main result in this subsection,

in which we give several equivalent characterizations of definability of the class (lim
−→

S) by

using duality of modules.

Theorem 4.4.1 Let S⊆ R-mod. Then the following statements are equivalent.

(1) lim
−→

(addS) is definable.

(2) (lim
−→

(addS))∗∗ ⊆ lim
−→

(addS).

(3) (ProdS∗)+ is definable.

(4) ((ProdS∗)+)∗ ⊆ lim
−→

(addS).

(5) (ProdS∗)∗ ⊆ lim
−→

(addS).

(6) ((ProdS∗)+)∗∗ ⊆ ProdS∗.

(7) ((ProdS∗)+)∗∗ ⊆ (ProdS∗)+.

(8) (ProdS∗)+ is closed under pure homomorphic images.

(9) For every M ∈ (ProdS∗)+, there is a pure exact sequence 0→M→ N→ L→ 0 with

N∗ ∈ lim
−→

(addS).

(10) For every M ∈ ProdS∗, there is a pure exact sequence 0→M→ N→ L→ 0 with
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N∗ ∈ lim
−→

(addS).

(11) ((ProdS∗)+, lim
−→

(addS)) is an almost dual pair.

(12) < S∗ >= (ProdS∗)+, where < S∗ > is the definable subcategory generated by S∗.

(13) D(lim
−→

(addS)) = (ProdS∗)+ =< S∗ >.

(14) D((ProdS∗)+) = lim
−→

(addS) =< S >.

PROOF: By Corollary 4.2.25, (lim
−→

(addS),ProdS∗) is an almost dual pair. By Propo-

sition 4.3.1 we have that (1) and (2) are equivalent. By Theorem 4.3.2, the statements

from (3) to (10) are equivalent. The direction (3)⇒ (1) follows from Proposition 4.3.7(a).

Now we will prove the direction (1)⇒ (3). Suppose that lim
−→

(addS) is definable. Let M ∈

ProdS∗, thus M is a direct summand of ∏
i∈I

M∗i for some Mi ∈ S. Since ∏
i∈I

M∗i = (
⊕
i∈I

Mi)
∗ (by

Lemma 2.1.5(2)) it follows from Lemma 2.2.2(1) that M is a pure submodule of (
⊕
i∈I

Mi)
∗ ∈

ProdS∗. Since ProdS∗ is closed under pure-injective hulls it follows from Proposition 4.3.7(b)

that (ProdS∗)+ is definable.

(3)⇔ (11) By Corollary 4.3.9(1).

(3)⇒ (12) Suppose that (ProdS∗)+ is definable. Since S∗ ⊆ (ProdS∗)+ it follows that

< S∗ >⊆ (ProdS∗)+. Since < S∗ > is definable, it is closed under direct products and pure

submodules and hence (ProdS∗)+ ⊆< S∗ > . Thus < S∗ >= (ProdS∗)+.

(12)⇒ (13) Suppose that < S∗ >= (ProdS∗)+, thus (ProdS∗)+ is definable. Since

(lim
−→

(addS),(ProdS∗)+) is an almost dual pair it follows from Proposition 4.3.10(2) that

D(lim
−→

(addS)) = (ProdS∗)+.

(13)⇒ (14) Suppose thatD(lim
−→

(addS)) = (ProdS∗)+ =< S∗ >, thusD2(lim
−→

(addS)) =

D((ProdS∗)+) and hence lim
−→

(addS) = D((ProdS∗)+), by Lemma 2.4.4. Since lim
−→

(addS)

is definable, lim
−→

(addS) =< S >.

(14)⇒ (1) This is obvious. r

Remark 4.4.2 As mentioned previously, there are many well-known characterizations of

right coherent rings. For examples, Stenström in [71, Theorem 3.2, p. 325] characterized

right coherence by the fact that direct limits of absolutely pure right R-modules are abso-

lutely pure. In [80, 1.6, p. 383], Würfel proved that a ring R is right coherent if and only

if M? is flat for any absolutely pure right R-module M. Also, in [12, Theorem 1, p. 176],
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Cheatham and Stone proved that the following statements are equivalent:

(1) a ring R is right coherent;

(2) a right R-module M is absolutely pure if and only if M?? is injective;

(3) a left R-module M flat if and only if M?? is flat.

It is clear that all these examples of characterizations of right coherent rings are special

cases of Theorem 4.4.1 if we take S = {RR}.

The equivalence of (1) and (5) in Theorem 4.4.1 shows that the condition RR ∈ S in the

following theorem of Holm is not necessary and also the converse of this theorem is true.

Theorem 4.4.3 [26, Theorem 5.6, p. 556] Assume that RR ∈ S and that lim
−→

(addS) is defin-

able, where S⊆ R-mod. Then M? ∈ lim
−→

(addS) whenever a right R-module M ∈ ProdS?.

The following corollary is immediate from Theorem 4.4.1 and Corollary 4.3.4.

Corollary 4.4.4 Let S ⊆ R-mod. If lim
−→

(addS) is definable, then (ProdS∗)+ is covering in

Mod-R.

The notations in the following example are as in Example 4.2.28(4).

Example 4.4.5 Let R be a tame hereditary finite-dimensional algebra over a field k. Then:

(1) (ProdIR , RT Free) is an almost dual pair.

(2) ((Prod(IR∪RR))
+, ⊥(RI)) is an almost dual pair.

(3) (ProdPR , lim−→(add RI)) is not an almost dual pair.

(4) T FSR is not definable and the pair (T FSR , lim−→(add RI)) is not almost dual.

(5) ((ProdPR)
+)∗ * lim

−→
(add RI).

PROOF: (1) By Example 4.2.28(4(ii)), (RT Free,ProdIR) is an almost dual pair. Since

ProdIR is definable (see Example 4.2.28(4(ii))) it follows from Theorem 4.4.1 that

(ProdIR , RT Free) is an almost dual pair.

(2) By [4, Examples 3.4, p. 303], ⊥(RI) is definable. Since lim
−→

(add(RP ∪R R)) = ⊥(RI)

(by Example 4.2.28(4(iii))) it follows that lim
−→

(add(RP ∪R R)) is definable and hence by

Theorem 4.4.1 that ((Prod(IR∪RR))
+, ⊥(RI)) is an almost dual pair.
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(3) Assume that (ProdPR , lim−→(add RI)) is an almost dual pair, thus it follows from

Proposition 4.3.8 that ProdPR is definable. Since a hereditary algebra is of finite representa-

tion type if and only if ProdPR is definable (by [83, Theorem 4.1, p. 353]) it follows that the

algebra R is of finite representation type and hence it is not tame and this is a contradiction.

Thus (ProdPR , lim−→(add RI) is not an almost dual pair.

(4) Assume that T FSR is definable. By Example 4.2.28(4(iv)), (ProdPR)
+ = T FSR

and hence (ProdPR)
+ is definable. By Theorem 4.4.1, lim

−→
(add RI) is definable and this

implies that Prod RI ⊆ lim
−→

(add RI). Put X = (Prod RI)∩ Rpinj. Since Prod RI is definable it

follows from Theorem 2.4.7 that X is a closed set in the Ziegler spectrum. Since RI ⊆ X

it follows that X contains infinite many finitely generated modules and hence from [59,

Theorem, p. 106] we have that the generic module G ∈ Prod RI and this implies that G ∈

lim
−→

(add RI). By [4, Example 5.2, p. 308], G /∈ lim
−→

(add RI) and this is a contradiction. Thus

T FSR is not definable. By Theorem 4.4.1, the pair (T FSR , lim−→(add RI)) is not almost dual.

(5) Since (ProdPR)
+ = T FSR it follows from (4) that (ProdPR)

+ is not definable. By

Theorem 4.4.1, ((ProdPR)
+)∗ * lim

−→
(add RI). r

Theorem 3 in [12, p.176] is a special case of the following result if we take S = {RR}.

Corollary 4.4.6 Let S⊆ R-mod. Then the following statements are equivalent.

(1) ((ProdS∗)+,(AddS)+) is an almost dual pair.

(2) M ∈ (ProdS∗)+ if and only if M∗ ∈ AddS.

(3) lim
−→

(addS) is definable and lim
−→

(addS) = (AddS)+.

PROOF: (1)⇒ (2) This is obvious.

(2)⇒ (3) Since lim
−→

(addS) is closed under pure submodules and direct sums (by Propo-

sition 4.2.8(1)) it follows that (AddS)+ ⊆ lim
−→

(addS). Let M ∈ lim
−→

(addS), thus M∗ ∈

(ProdS∗)+ and from hypothesis we have that M∗∗ ∈ (AddS)+. Since M is a pure submodule

of M∗∗ it follows that M ∈ (AddS)+ and hence lim
−→

(addS)⊆ (AddS)+ and this implies that

lim
−→

(addS) = (AddS)+. Let N ∈ (ProdS∗)+. By (2), N∗ ∈ AddS ⊆ lim
−→

(addS) and hence

((ProdS∗)+)∗ ⊆ lim
−→

(addS). By Theorem 4.4.1, lim
−→

(addS) is definable.

(3)⇒ (1) Suppose that lim
−→

(addS) is definable and lim
−→

(addS) = (AddS)+. By Theo-

rem 4.4.1, ((ProdS∗)+, lim
−→

(addS)) is an almost dual pair and hence ((ProdS∗)+,(AddS)+)
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is an almost dual pair. r

Let S ⊆ mod-R. Sklyarenko in [67, p. 127] introduced the concept of a right module

being pure relative to the class of all S-pure exact sequences (shortly, relatively S-pure) as

follows. A right R-module M is said to be relatively S-pure if every S-pure exact sequence

of right R-modules 0→M→ N→ K→ 0 is pure.

Proposition 4.4.7 Let S⊆ R-mod. Then (Prod(S∪{RR})∗)+ = {M |M is a relatively

DH-pure right R-module}.

PROOF: Let M ∈ (Prod(S∪ {RR})∗)+, thus M is a pure submodule of N with N

DH-pure-injective. Let Σ : 0→ M
f→ A→ B→ 0 be any DH-pure exact sequence of

right R-modules. Since N is an DH-pure-injective, there exists a homomorphism g : A→ N

such that g f = i, where i : M → N is the inclusion. Since i is a pure monomorphism it

follows from Lemma 2.2.16(2(ii)) that f is a pure monomorphism and hence Σ is a pure

exact sequence and this implies that M is a relatively DH-pure right R-module.

Conversely, let M be any relatively DH-pure right R-module. By Corollary 3.1.3, there

is an DH-pure monomorphism α : M→ F with F a DH-pure-injective module. Since M is

relatively DH-pure it follows that α is pure and hence M ∈ (Prod(S∪{RR})∗)+. r

Corollary 4.4.8 Let S⊆ R-mod. Then the following statements are equivalent.

(1) lim
−→

(addS) is definable.

(2) For every DH-pure exact sequence of right R-modules 0→ A→ B→ C → 0, if

A,B ∈ (ProdS∗)+ then C ∈ (ProdS∗)+.

PROOF: (1)⇒ (2) Suppose that lim
−→

(addS) is definable, thus (ProdS∗)+ is definable,

by Theorem 4.4.1. Let Σ : 0→ A→ B→ C → 0 be any DH-pure exact sequence

of right R-modules such that A,B ∈ (ProdS∗)+. Since A ∈ (ProdS∗)+ it follows from

Proposition 4.4.7 that A is a relatively DH-pure and hence Σ is pure. Since B ∈ (ProdS∗)+

and (ProdS∗)+ is definable it follows from Theorem 2.4.2 that C ∈ (ProdS∗)+.

(2)⇒ (1) Let 0→ A→ B→C→ 0 be any pure exact sequence of right R-modules with

B ∈ (ProdS∗)+. Since (ProdS∗)+ is closed under pure submodules, A ∈ (ProdS∗)+. By (2),
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C ∈ (ProdS∗)+ and hence (ProdS∗)+ is closed under pure homomorphic images and this

implies that lim
−→

(addS) is definable, by Theorem 4.4.1. r

Remark 4.4.9 Couchot, in [14], introduced the concept of an RD-coflat right R-module.

A right R-module M is said to be RD-coflat if every RD-pure exact sequence 0→M→ P→

Q→ 0 is pure exact. We will use RD-CoflatR (resp. RRD-Coflat) to denote the class of

RD-coflat right (resp. left) R-modules. If S is the class of (1,1)-presented right R-modules,

then a right R-module M is relatively S-pure if and only if M is RD-coflat and hence from

Proposition 4.4.7, we have RD-CoflatR = (Prod(S
′ ∪{RR})∗)+ = (RD-InjR)

+, where S
′

is

the class of (1,1)-presented left R-modules, and hence from Example 4.2.28(3) we have

(RRD-Flat,RD-CoflatR) is an almost dual pair.

Corollary 4.4.10 Let T be the class of (1,1)-presented left R-modules. The following state-

ments are equivalent.

(1) RRD-Flat is definable.

(2) (RRD-Flat)∗∗ ⊆ RRD-Flat.

(3)RD-CoflatR is definable.

(4) (RD-CoflatR)∗ ⊆ RRD-Flat.

(5) (RD-InjR)
∗ ⊆ RRD-Flat.

(6) (RD-CoflatR)∗∗ ⊆RD-InjR.

(7) (RD-CoflatR)∗∗ ⊆RD-CoflatR.

(8)RD-CoflatR is closed under pure homomorphic images.

(9) For every M ∈ RD-CoflatR, there is a pure exact sequence 0→ M→ N → L→ 0

with N∗ ∈ RRD-Flat.

(10) For every M ∈RD-InjR, there is a pure exact sequence 0→M→ N→ L→ 0 with

N∗ ∈ RRD-Flat.

(11) (RD-CoflatR, RRD-Flat) is an almost dual pair.

(12) < T ∗ >= RD-CoflatR, where < T ∗ > is the definable subcategory generated by

T ∗.

(13) D(RRD-Flat) =RD-CoflatR =< T ∗ >.
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(14) D(RD-CoflatR) = RRD-Flat =< T >.

(15) For every (1,1)-pure exact sequence of right R-modules 0→ A→ B→C→ 0, if

A,B ∈RD-CoflatR then C ∈RD-CoflatR.

(16) Every left R-module has a (RRD-Flat)-preenvelope.

PROOF: Let S be the class of (1,1)-presented left R-modules. By Example 4.2.28(3),

lim
−→

(addS) = RRD-Flat. Thus the result follows by applying Theorem 4.4.1, Corollary 4.4.8

and Proposition 4.2.8(3). r

4.4.2 Definability of the class (lim−→S) in terms of (lim−→S)�

In the following theorem, we give equivalent characterizations of definability of any class

of modules F in terms of the class F�.

Theorem 4.4.11 Let F ⊆ R-Mod. Then the following statements are equivalent.

(1) F is definable.

(2) F∗∗ ⊆F and F is closed under direct sums and pure submodules.

(3) (F ,F�) is an almost dual pair.

(4) (F�)+ is definable and M ∈ F if and only if M∗ ∈ (F�)+.

PROOF: (1)⇒ (2) This is by Lemma 2.4.6.

(2)⇒ (3) Let M ∈ F . By (2), M∗∗ ∈ F and hence M∗ ∈ F�. Conversely, let M be a

module such that M∗ ∈ F�, thus M∗∗ ∈ F . Since F is closed under pure submodules (by

hypothesis), M ∈ F . Hence M ∈ F if and only if M∗ ∈ F�. Let M ∈ F� and let N be any

direct summand of M, thus N∗ is isomorphic to a direct summand of M∗. Since M∗ ∈F and

F is closed under direct summands it follows that N∗ ∈ F and hence N ∈ F�. Thus F� is

closed under direct summands. Let {Mi}i∈I be any family of modules in F�, thus M∗i ∈ F .

By hypothesis,
⊕
i∈I

M∗i ∈ F and hence (
⊕
i∈I

M∗i )
∗∗ ∈ F and this implies that (∏

i∈I
M∗∗i )∗ ∈ F .

Since ∏
i∈I

Mi is a pure submodule of ∏
i∈I

M∗∗i it follows that (∏
i∈I

Mi)
∗ is isomorphic to a direct

summand of (∏
i∈I

M∗∗i )∗ and hence (∏
i∈I

Mi)
∗ ∈ F and this implies that ∏

i∈I
Mi ∈ F�. Thus F�

is closed under direct products and hence (F ,F�) is an almost dual pair.
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(3)⇒ (4) Suppose that (F ,F�) is an almost dual pair, thus M ∈ F if and only if M∗ ∈

F� if and only if M∗ ∈ (F�)+. Let M ∈ F�, thus M∗ ∈ F and hence (F�)∗ ⊆ F . By

Theorem 4.3.2, (F�)+ is definable.

(4)⇒ (1) Suppose that (F�)+ is definable and M ∈ F if and only if M∗ ∈ (F�)+,

thus (F ,(F�)+) is an almost dual pair. Since (F�)+ is definable it follows from Proposi-

tion 4.3.7(a) that F is definable. r

The following corollary is immediately obtained from Theorem 4.4.11.

Corollary 4.4.12 There is a natural bijection between all definable classes of left R-modules

and all almost dual pairs of the form (F ,F�), where F ⊆ R-Mod. The bijection is given by

F 7→ (F ,F�).

Proposition 4.4.13 Let (F ,G) be an almost dual pair. Then:

(1) F� ⊆ G+.

(2) F� = G+ if and only if G+ is definable.

PROOF: (1) Let M ∈F�, thus M∗ ∈F and hence M∗∗ ∈G+. Since M is a pure submodule

of M∗∗ it follows that M ∈ G+ and hence F� ⊆ G+.

(2) (⇒) Suppose that F� = G+. Let M ∈ G+, thus M ∈ F� and hence M∗ ∈ F . Thus

(G+)∗ ⊆F and from Theorem 4.3.2 we have G+ is definable.

(⇐) Suppose that G+ is definable. Let M ∈ G+. By Theorem 4.3.2, M∗ ∈ F and hence

M ∈ F�. Thus G+ ⊆F� and from (1) we have F� = G+. r

The following corollary gives equivalent characterizations of definability of lim
−→

(addS)

in terms of the class (lim
−→

(addS))�.

Corollary 4.4.14 Let S⊆ R-mod. Then the following statements are equivalent.

(1) lim
−→

(addS) is definable.

(2) (lim
−→

(addS),(lim
−→

(addS))�) is an almost dual pair.

(3) ((lim
−→

(addS))�)+ is definable and M ∈ lim
−→

(addS) if and only if M∗ ∈

((lim
−→

(addS))�)+.
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(4) (lim
−→

(addS))� = (ProdS∗)+.

PROOF: The proof follows from Theorem 4.4.11, Theorem 4.4.1 (1)⇔ (3) and Proposi-

tion 4.4.13(2). r

The following proposition gives an equivalent characterization of definability of

lim
−→

(addS) in terms of the class (lim
−→

(addS))�.

Proposition 4.4.15 Let S be a class of finitely presented left R-modules such that RR ∈ S.

Then lim
−→

(addS) is definable if and only if every right R-module has an DH-pure monomor-

phic ((lim
−→

(addS))�)-preenvelope.

PROOF: (⇒) Suppose that lim
−→

(addS) is definable, thus (ProdS∗)+ is definable (by The-

orem 4.4.1). By Theorem 3.1.4, (ProdS∗)+ = (DH-Pinj)+ and hence (DH-Pinj)+ is de-

finable. Let M ∈ Mod-R. Since (DH-Pinj)+ is closed under pure submodules and direct

products it follows from Lemma 2.3.5 that (DH-Pinj)+ is preenveloping in Mod-R. Let

α : M → N be a (DH-Pinj)+-preenvelope of M. By Corollary 3.1.3, there is a DH-pure

monomorphism β : M → F with F ∈ DH-Pinj ⊆ (DH-Pinj)+. Thus there is a homomor-

phism f : N → F such that f α = β and hence by Lemma 2.2.16(2(ii)) we have that

α is a DH-pure monomorphism. Since (DH-Pinj)+ is definable it follows from Corol-

lary 4.4.14 that (lim
−→

(addS))� = (DH-Pinj)+. Therefore, M has a DH-pure monomorphic

(lim
−→

(addS))�-preenvelope.

(⇐) Let M ∈ ProdS∗. By hypothesis, M has a DH-pure monomorphic (lim
−→

(addS))�-

preenvelope α : M→N and hence N∗ ∈ lim
−→

(addS). Since M is DH-pure-injective it follows

from Theorem 2.2.19 that M is a direct summand of N and hence M∗ is isomorphic to a

direct summand of N∗ and this implies that M∗ ∈ lim
−→

(addS). Thus (ProdS∗)∗ ⊆ lim
−→

(addS)

and hence from Theorem 4.4.1 we have that lim
−→

(addS) is definable. r

Corollary 4.4.16 A ring R is a right coherent if and only if every right R-module has a

monomorphic ((RF lat)�)-preenvelope.

PROOF: By taking S = {RR} and apply Example 4.2.28(1) and Proposition 4.4.15. r
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4.4.3 Definability of the class (lim−→S) using duality between preenvelopes

and precovers

The following result can be found in [18, 3.2, p. 1137].

Lemma 4.4.17 (1) Let F be a subcategory of R-Mod and G a subcategory of Mod-R such

that F? ⊆ G and G? ⊆ F . If f : A→C is a F-preenvelope of a module A in R-Mod, then

f ? : C?→ A? is a G-precover of A? in Mod-R.

(2) Let f : M→ N be a homomorphism in R-Mod. If f ? : N?→ M? is right minimal,

then f is left minimal.

Proposition 4.4.18 Let (F ,G) be an almost dual pair such that G+ is a definable class. Let

M ∈ R-Mod and let N ∈Mod-R.

(1) If ϕ : M → X is a F-preenvelope of M then ϕ? : X? → M? is a G+-precover and

G-precover of M?.

(2) If ϕ : N → Y is a G+-preenvelope or G-preenvelope of N then ϕ? : Y ? → N? is a

F-precover of N?.

PROOF: (1) Suppose that ϕ : M→ X is a F-preenvelope of M. Since (F ,G) is an almost

dual pair (by hypothesis), F? ⊆ G ⊆ G+. Since G+ is definable (by hypothesis) it follows

from Theorem 4.3.2 that G? ⊆ (G+)? ⊆ F . By Lemma 4.4.17(1), ϕ? : X? → M? is a G+-

precover and G-precover of M?.

(2) By a similar proof to that of (1). r

The following corollary is immediate from Corollary 4.2.25, Theorem 4.4.1 and Propo-

sition 4.4.18.

Corollary 4.4.19 Let S ⊆ R-mod be such that S = addS and lim
−→

S is a definable class, let

M ∈ R-Mod and let N ∈Mod-R.

(1) If ϕ : M → X is a (lim
−→

S)-preenvelope of M then ϕ? : X? → M? is a

(ProdS?)+-precover and a (ProdS?)-precover of M?.
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(2) If ϕ : N → Y is a (ProdS?)+-preenvelope or a (ProdS?)-preenvelope of N then

ϕ? : Y ?→ N? is a (lim
−→

S)-precover of N?.

Let (F ,G) be an almost dual pair. Since G+ is closed under pure submodules and direct

products it follows from Lemma 2.3.5 that G+ is preenveloping in Mod-R. Also, if G ⊆ PinjR

then Lemma 2.3.4 implies that G is enveloping in Mod-R. In the following theorem, we give

an equivalent characterization of definability of the class G+ in terms of the above duality

between G+-preenvelopes (or G-preenvelopes) and F-precovers.

Theorem 4.4.20 Let (F ,G) be an almost dual pair with G ⊆ PinjR. Then the following

statements are equivalent:

(1) G+ is definable;

(2) if a monomorphism ϕ : M → X in Mod-R is a G+-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod;

(3) if a pure monomorphism ϕ : M → X in Mod-R is a G+-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod;

(4) (1M)? : M?→M? is a F-precover of M? for any M ∈ G+, where 1M : M→M is the

identity homomorphism;

(5) if a monomorphism ϕ : M → X in Mod-R is a G-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod;

(6) if a pure monomorphism ϕ : M → X in Mod-R is a G-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod.

PROOF: (1)⇒ (2) and (1)⇒ (5) Suppose that G+ is definable and that a monomor-

phism ϕ : M→ X in Mod-R is a G+-preenvelope (or a G-preenvelope) of M. By Proposi-

tion 4.4.18(2), ϕ? : X?→M? is a F-precover of M?.

(2)⇒ (3) and (5)⇒ (6) are obvious.

(3)⇒ (4) Let M ∈ G+. It is clear that 1M is a pure monomorphism and it is a

G+-preenvelope of M. By (3), (1M)? : M?→M? is a F-precover of M?.

(4)⇒ (1) Let M ∈ G+. By (4), (1M)? : M? → M? is a F-precover of M? and hence

M? ∈ F and this implies that (G+)? ⊆F . By Theorem 4.3.2, G+ is definable.



CHAPTER 4. DEFINABILITY OF THE CLASSES (LIM−−→S) AND (PROD S∗) 101

(6)⇒ (1) Let M ∈ G+, thus M is a pure submodule of N for some N ∈ G. Let i : M→ N

be the inclusion. Let X ∈ G and let f : M→ X be any homomorphism. Since G ⊆ PinjR,

there is a homomorphism g : N→X such that gi= f . Since N ∈G, the inclusion i : M→N is

therefore a G-preenvelope of M. By (6), i? : N?→M? is aF-precover of M? and hence N? ∈

F . Since (F ,G) is an almost dual pair, N?? ∈ G. Since i : M→ N is a pure monomorphism

it follows that i?? : M??→ N?? is split and hence M?? is a direct summand of N?? and this

implies that M?? ∈ G. Thus (G+)?? ⊆ G and hence by Theorem 4.3.2 we have that G+ is

definable. r

By applying Lemma 4.2.6 and Theorem 4.4.20 we have the following result.

Corollary 4.4.21 Let (F ,G) be an almost dual pair. Then the following statements are

equivalent:

(1) (PinjG)+ is definable;

(2) if a monomorphism ϕ : M → X in Mod-R is a (PinjG)+-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod;

(3) if a pure monomorphism ϕ : M→ X in Mod-R is a (PinjG)+-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod;

(4) (1M)? : M?→M? is a F-precover of M? for any M ∈ (PinjG)+;

(5) if a monomorphism ϕ : M → X in Mod-R is a (PinjG)-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod;

(6) if a pure monomorphism ϕ : M→ X in Mod-R is a (PinjG)-preenvelope of M, then

ϕ? : X?→M? is a F-precover of M? in R-Mod.

Enochs and Huang in [18, Theorem 3.5, p. 1138] proved the following result.

Theorem 4.4.22 The following statements are equivalent for a ring R:

(1) R is right coherent;

(2) if a monomorphism ϕ : M→ X in Mod-R is an absolutely pure preenvelope of M,

then ϕ? : X?→M? is a flat precover of M? in R-Mod;
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(3) if a monomorphism ϕ : M → X in Mod-R is an injective preenvelope of M, then

ϕ? : X?→M? is a flat precover of M? in R-Mod.

Theorem 4.4.22 is the special case S = add(RR) of the following corollary of Theo-

rem 4.4.20, in which we give an equivalent characterization of definability of the class lim
−→

S

in terms of the duality between (ProdS?)+-preenvelopes (or (ProdS?)-preenvelopes) and

(lim
−→

S)-precovers.

Corollary 4.4.23 Let S ⊆ R-mod be such that S = addS. Then the following statements are

equivalent:

(1) lim
−→

S is definable;

(2) if a monomorphism ϕ : M → X in Mod-R is a (ProdS?)+-preenvelope of M, then

ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod;

(3) if a pure monomorphism ϕ : M → X in Mod-R is a (ProdS?)+-preenvelope of M,

then ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod;

(4) (1M)? is a (lim
−→

S)-precover of M? for any M ∈ (ProdS?)+;

(5) if a monomorphism ϕ : M → X in Mod-R is a (ProdS?)-preenvelope of M, then

ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod.

(6) if a pure monomorphism ϕ : M→ X in Mod-R is a (ProdS?)-preenvelope of M, then

ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod.

PROOF: This follows by Corollary 4.2.25, Theorem 4.4.1 and applying Theorem 4.4.20.

r

4.5 Definability of the class ProdS∗

4.5.1 Definability of ProdS? in terms of preenvelopes and precovers

Let (F ,G) be an almost dual pair such that G ⊆ PinjR. In the following theorem, we give

several characterizations of definability of G.
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Theorem 4.5.1 Let (F ,G) be an almost dual pair such that G ⊆ PinjR. Then the following

statements are equivalent:

(1) G is definable;

(2) G is closed under direct limits;

(3) G is closed under direct sums;

(4) every module in G is Σ-pure-injective;

(5) G = G+;

(6) G is closed under pure submodules;

(7) G is closed under pure submodules and pure quotients;

(8) G is closed under pure submodules and direct limits;

(9) G is covering in Mod-R;

(10) G is precovering in Mod-R;

(11) (G,F) is an almost dual pair.

PROOF: (1)⇒ (2) This is obvious.

(2)⇒ (3) Assume that G is closed under direct limits. Let {Mi}i∈I be any family of

modules in G and let M = ⊕
i∈I

Mi. By [79, Exercies 24.13(3), p. 206], M = lim
−→
{⊕

i∈J
Mi | J ⊂ I

and J finite}. For each J ⊂ I and J finite, since G is closed under products, ⊕
i∈J

Mi ∈ G. Hence

M is a direct limit of a direct system of modules in G. By hypothesis, M ∈ G and hence G is

closed under direct sums.

(3)⇒ (4) Let M ∈ G and let I be any index set. By (3), M(I) ∈ G and hence it is pure-

injective. Thus every module in G is Σ-pure-injective.

(4)⇒ (5) It is clear that G ⊆ G+. Conversely, let N ∈ G+. Thus N is a pure submodule

of M with M ∈ G. By (4) , M is Σ-pure-injective. Since every pure submodule of a Σ-pure-

injective module is a direct summand of it (by [8, Proposition 3.5, p. 71]) it follows that N is

a direct summand of M. Since G is closed under direct summands, N ∈G and hence G+⊆G.

Thus G = G+.

(5)⇒ (6) This is obvious.



CHAPTER 4. DEFINABILITY OF THE CLASSES (LIM−−→S) AND (PROD S∗) 104

(6)⇒ (7) Assume that G is closed under pure submodules. Let α : N→M be any pure

epimorphism with N ∈ G. Consider the following pure exact sequence

Σ : 0→ ker(α)
i→ N α→M→ 0

By (6) , ker(α)∈ G and hence from the hypothesis we have that ker(α) is pure-injective. By

Theorem 2.2.19, the sequence Σ is split and hence Lemma 2.1.2 implies that M is isomorphic

to a direct summand of N. Since G is closed under isomorphisms and direct summands,

M ∈ G. Hence G is closed under pure submodules and pure quotients.

(7)⇒ (8) Let (Mi, fi j)I be a direct system of modules in G. By hypothesis, Π
i∈I

Mi ∈ G.

By Lemma 2.2.6(1), the canonical embedding f : ⊕
i∈I

Mi→ Π
i∈I

Mi is pure. Since G is closed

under pure submodules, ⊕
i∈I

Mi ∈ G. By Lemma 2.2.6(2), the canonical epimorphism

η : ⊕
i∈I

Mi → lim
−→

Mi is pure. Since G is closed under pure quotients, lim
−→

Mi ∈ G. Thus G is

closed under direct limits.

(8)⇒ (1) By hypothesis, G is closed under products, direct limits and pure submodules

and hence G is definable.

(1)⇒ (9) Suppose that G is definable, thus G is closed under pure quotient modules and

direct sums. By Theorem 2.3.2, G is covering in Mod-R.

(9)⇒ (10) This is obvious.

(10)⇒ (3) Suppose that G is precovering in Mod-R. Since (F ,G) is an almost dual pair,

G is closed under direct summands. Since every precovering class in Mod-R which is closed

under direct summands is closed under direct sums (see, e.g. [27, Proposition 1.2, p. 694])

it follows that G is closed under direct sums.

(1)⇔ (11) By Proposition 4.3.8. r

Remarks 4.5.2 (a) It is well-known that a ring R is right noetherian if and only if the class

InjR is precovering (or covering) in Mod-R (see, e.g., [19, Theorem 5.4.1, p. 120]). Also,

Megibben in [43, Theorem 3, p. 564] proved that a ring R is right noetherian if and only if ev-

ery absolutely pure right R-module is injective. These characterizations of right noetherian

rings are special cases of Theorem 4.5.1 if we take G = InjR.

(b) Let S ⊆ R-mod. In [26, Theorem 1.3], Holm proved that the following statements

are equivalent:

(1) ProdS∗ is closed under direct sums;
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(2) ProdS∗ is closed under direct limits;

(3) ProdS∗ is precovering in Mod-R;

(4) ProdS∗ is covering in Mod-R;

(5) ProdS∗ is closed under pure submodules.

It is clear that Holm’s theorem is a special case of Theorem 4.5.1 if we take G = ProdS∗.

Cheatham and Stone in [12, Theorem 2, p. 176] proved the following.

Theorem 4.5.3 The following statements are equivalent for a ring R:

(1) R is right noetherian;

(2) a right R-module M is injective if and only if M?? is injective;

(3) a right R-module M is injective if and only if M? is flat.

This theorem is a special case of the next result if we take G = InjR.

Theorem 4.5.4 Let (F ,G) be an almost dual pair such that G ⊆ PinjR. Then the following

statements are equivalent:

(1) G is definable;

(2) M ∈ G if and only if M∗∗ ∈ G;

(3) M ∈ G if and only if M∗ ∈ F .

Moreover, these equivalent conditions imply the following condition:

(4) F is definable.

PROOF: (1)⇒ (2) Suppose that G is definable. Note that Theorem 4.5.1, G+ = G so if

M ∈G, then M∗∗ ∈G by Theorem 4.3.2. Suppose that M∗∗ ∈G. Since M is a pure submodule

of M∗∗ and G is closed under pure submodules, M ∈ G.

(2)⇒ (3) Suppose that M ∈ G, thus from (2) we have M∗∗ ∈ G. Since (F ,G) is an

almost dual pair, M∗ ∈ F . Conversely, suppose that M∗ ∈ F , thus M∗∗ ∈ G and from (2) we

have M ∈ G.

(3)⇒ (1) Let M ∈ G+, thus M is a pure submodule of N for some N ∈ G. Thus the exact

sequence 0→M∗∗→ N∗∗→ (N/M)∗∗→ 0 is split and hence M∗∗ is a direct summand of

N∗∗. Since N ∈ G it follows from (3) that N∗ ∈ F and hence N∗∗ ∈ G. Since G is closed
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under direct summands, M∗∗ ∈ G and hence M∗ ∈ F . By (3), M ∈ G and hence G+ ⊆ G and

this implies that G+ = G. By Theorem 4.5.1, G is definable.

(1)⇒ (4) Suppose that G is definable. As noted already, G+ = G and hence G+ is

definable. By Proposition 4.3.7(a), F is definable. r

The following corollary shows that we can prove Holm’s theorem [26, Theorem 1.5,

p. 545] (see Theorem 4.1.1) without his assumptions (RR ∈ S and lim
−→

(addS) is definable).

Corollary 4.5.5 Let S⊆ R-mod. Then the following statements are equivalent:

(1) ProdS∗ is definable;

(2) M ∈ ProdS∗ if and only if M∗∗ ∈ ProdS∗;

(3) M ∈ ProdS∗ if and only if M∗ ∈ lim
−→

(addS).

Moreover, these equivalent conditions imply the following condition:

(4) lim
−→

(addS) is definable.

PROOF: Since ProdS∗ ⊆ PinjR and (lim
−→

(addS),ProdS∗) is an almost dual pair (by Corol-

lary 4.2.25), the result follows from Theorem 4.5.4. r

Cheatham and Stone in [12, Theorem 4, p. 177] proved the following.

Theorem 4.5.6 The following statements are equivalent for a ring R:

(1) R is right artinian;

(2) a right R-module M is injective if and only if M? is projective.

This theorem is a special case of the next result if we take S = {RR}.

Corollary 4.5.7 Let S⊆ R-mod. Then the following statements are equivalent.

(1) (ProdS∗,(AddS)+) is an almost dual pair.

(2) M ∈ ProdS∗ if and only if M∗ ∈ AddS.

(3) ProdS∗ is definable and lim
−→

(addS) = (AddS)+.

PROOF: (1)⇒ (2) This is obvious.
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(2)⇒ (3) In a similar way to the proof of (2)⇒ (3) in Corollary 4.4.6, we can prove that

lim
−→

(addS) = (AddS)+. Let M ∈ ProdS∗, thus from (2) we have M∗ ∈ AddS ⊆ lim
−→

(addS).

Conversely, let M ∈ Mod-R such that M∗ ∈ lim
−→

(addS). Since lim
−→

(addS) = (AddS)+ it

follows that M∗ ∈ (AddS)+. Since M∗ is pure-injective, M∗ ∈AddS and hence from (2) we

have M ∈ ProdS∗. By Corollary 4.5.5, ProdS∗ is definable.

(3)⇒ (1) Suppose that ProdS∗ is definable and lim
−→

(addS) = (AddS)+. Since

(lim
−→

(addS),ProdS∗) is an almost dual pair (by Corollary 4.2.25) it follows from Proposi-

tion 4.3.8 that (ProdS∗, lim
−→

(addS)) is an almost dual pair and hence (ProdS∗,(AddS)+) is

an almost dual pair. r

If we take S to be the class of (1,1)-presented left R-modules and apply Corollary 4.5.7,

then we get the following corollary.

Corollary 4.5.8 The following statements are equivalent.

(1) (RD-InjR ,(RRD-Proj)+) is an almost dual pair.

(2) M ∈RD-InjR if and only if M∗ ∈ RRD-Proj.

(3)RD-InjR is definable and RRD-Flat = (RRD-Proj)+.

Enochs and Huang in [18, Theorem 3.7, p. 1139] proved the following result.

Theorem 4.5.9 The following statements are equivalent for a ring R:

(1) R is right noetherian;

(2) a monomorphism ϕ : M→ X in Mod-R is an injective preenvelope of M if and only

if ϕ? : X?→M? is a flat precover of M? in R-Mod;

(3) R is right coherent and a monomorphism ϕ : M→ X is an injective envelope of M if

ϕ? : X?→M? is a flat cover of M?.

In the following theorem, we give equivalent characterizations of definability of ProdS?

in terms of preenvelopes and precovers. Theorem 4.5.9 is a special case of Theorem 4.5.10

if we take S = add({RR}).

Theorem 4.5.10 Let S ⊆ R-mod be such that S = addS. Then the following statements are

equivalent:

(1) ProdS? is definable;
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(2) a DH-pure monomorphism ϕ : M→ X in Mod-R is a (ProdS?)-preenvelope of M if

and only if ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod;

(3) a pure monomorphism ϕ : M→ X in Mod-R is a (ProdS?)-preenvelope of M if and

only if ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod;

(4) for any M ∈ Mod-R, the identity homomorphism 1M : M → M is a (ProdS?)-

preenvelope of M if and only if (1M)? : M?→M? is a (lim
−→

S)-precover of M?;

(5) lim
−→

S is definable and a DH-pure monomorphism ϕ : M→ X is a (ProdS?)-envelope

of M if ϕ? : X?→M? is a (lim
−→

S)-cover of M?.

(6) lim
−→

S is definable and a pure monomorphism ϕ : M→ X is a (ProdS?)-envelope of

M if ϕ? : X?→M? is a (lim
−→

S)-cover of M?.

PROOF: (1)⇒ (2) Suppose that ProdS? is definable, thus lim
−→

S is definable (by Corol-

lary 4.5.5). Let ϕ : M→ X be a DH-pure monomorphism in Mod-R. If ϕ is a (ProdS?)-

preenvelope of M, then from Corollary 4.4.23 we have ϕ? : X?→M? is a (lim
−→

S)-precover

of M? in R-Mod. Conversely, if ϕ? : X?→M? is a (lim
−→

S)-precover of M? in R-Mod, thus

X? ∈ lim
−→

S and hence from Corollary 4.5.5 we have X ∈ ProdS?. Let f : M → Y be any

homomorphism with Y ∈ ProdS?. Since ϕ is an DH-pure monomorphism and Y is DH-

pure-injective, there is a homomorphism g : X → Y such that gϕ = f and hence ϕ is a

(ProdS?)-preenvelope of M in Mod-R.

(2)⇒ (3) This is obvious.

(3)⇒ (4) Let M ∈Mod-R. Since 1M is a pure monomorphism it follows from (3) that

1M is a (ProdS?)-preenvelope of M if and only if (1M)? : M?→M? is a (lim
−→

S)-precover of

M?.

(4)⇒ (1) Let M ∈ ProdS?. It is clear that 1M is a (ProdS?)-preenvelope of M. By

(4), (1M)? : M? → M? is a (lim
−→

S)-precover of M? and hence M? ∈ lim
−→

S. Conversely, let

M ∈ Mod-R such that M? ∈ lim
−→

S. It is clear that 1M? is a (lim
−→

S)-precover of M?. Since

1M? = (1M)? it follows that (1M)? is a (lim
−→

S)-precover of M?. By (4), 1M is a (ProdS?)-

preenvelope of M and hence M ∈ ProdS?. Thus M ∈ ProdS? if and only if M? ∈ lim
−→

S and

hence from Corollary 4.5.5 we have that ProdS? is definable.

(2)⇒ (5) Suppose that ProdS? is definable. By Corollary 4.5.5, lim
−→

S is definable. Let

ϕ : M → X be an DH-pure monomorphism such that ϕ? : X? → M? is a (lim
−→

S)-cover of
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M?. Thus ϕ? is a right minimal homomorphism and a (lim
−→

S)-precover of M?. By (2), ϕ

is (ProdS?)-preenvelope of M. Also, by Lemma 4.4.17(2) we have that ϕ is a left minimal.

Thus ϕ is a (ProdS?)-envelope of M.

(5)⇒ (6) This is obvious.

(6)⇒ (1) Let M ∈ ProdS?. Since lim
−→

S is definable it follows from Theorem 4.4.1

that M? ∈ lim
−→

S. Conversely, let M ∈Mod-R such that M? ∈ lim
−→

S. Since (1M)? is a pure

monomorphism and it is a (lim
−→

S)-cover of M? it follows form (6) that 1M is a (ProdS?)-

envelope of M and hence M ∈ ProdS?. Thus M ∈ ProdS? if and only if M? ∈ lim
−→

S and hence

by Corollary 4.5.5 we have that ProdS? is definable. r

4.5.2 Definability of S-Pinj in terms of the functors Axt1
S and Pext1

S

Let F ⊆Mod-R and let M ∈Mod-R. A right F-resolution of M is a cochain complex

0→M→ F0→ F1→ F2→ ···

(not necessarily exact) with Fi ∈ F such that the sequence

· · · → HomR(F1,G)→ HomR(F0,G)→ HomR(M,G)→ 0

is exact for each G ∈ F [19, p. 168].

Since the class APureR is preenveloping in Mod-R (by Lemma 2.3.5) it follows from

[19, Proposition 8.1.3, p. 168] that every right R-module has a right (APureR)-resolution.

Let n ≥ 0 and let M,N ∈Mod-R. Pinzon in [50] derived the functor AxtnR(M,N) using

right (APureR)-resolutions as follows: let Σ : 0→ M α→ A0
α0→ A1

α1→ A2 → ··· be a right

(APureR)-resolution of M and let Σ0 : 0→ A0
α0→ A1

α1→ A2 → ··· be the deleted

(APureR)-resolution of M. Then AxtnR(N,M) is the cohomology group:

AxtnR(N,M) = Hn(HomR(N,Σ0)) = (kerα~n )/(imα
~
n−1), n = 0,1,2, . . .,

where α~n : HomR(N,An)→ HomR(N,An+1) is defined by α~n ( f ) = αn f and α
~
−1 = 0.

Pinzon in [50, Theorem 5.4, p. 51] proved the following result:

Theorem 4.5.11 The following statements are equivalent for a ring R.

(1) R is right noetherian.

(2) AxtnR(M,N)' ExtnR(M,N), for all M,N ∈Mod-R and n≥ 1.
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(3) Axt1R(M,N)' Ext1R(M,N), for all M,N ∈Mod-R.

The main purpose in this subsection is to generalize Pinzon’s result from definability of

the class InjR (which is equivalent to R being right noetherian) to definability of the class

S-Pinj, where S⊆mod-R. This is in Theorem 4.5.16.

Remarks 4.5.12 (1) Let F ⊆Mod-R and let M ∈Mod-R. If F is preenveloping in Mod-R

then a right F-resolution of M exists [19, Proposition 8.1.3, p. 168] and it is unique up to

homotopy [19, p. 169].

(2) Let S ∈ mod-R. By Lemma 2.3.4, the class S-Pinj is enveloping in Mod-R. Also,

from Lemma 2.3.5 we have (S-Pinj)+ is preenveloping in Mod-R and hence from (1)

we have that every right R-module has a right (S-Pinj)-resolution and a right

((S- Pinj)+)-resolution.

(3) Let M,N ∈Mod-R, let S ⊆ mod-R, let Σ : 0→M α→ I0
d0→ I1

d1→ I2→ ··· be a right

(S-Pinj)-resolution of M and let Σ0 be the deleted (S-Pinj)-resolution of M (i.e., Σ0 : 0
d−1→

I0
d0→ I1

d1→ I2→ ···). We will use PextnS(N,M) to denote the cohomology group:

PextnS(N,M) = Hn(HomR(N,Σ0)) = (kerd~n )/(imd~n−1), n = 0,1,2, . . .,

where d~n : HomR(N, In)→ HomR(N, In+1) is defined by d~n ( f ) = dn f and d~−1 = 0.

By (1) this is well-defined.

(4) Let M,N ∈ Mod-R and let S ⊆ mod-R. By (2) above, M has a right ((S-Pinj)+)-

resolution Σ : 0→M α→ A0
α0→ A1

α1→ A2→ ·· · . Let Σ0 : 0→ A0
α0→ A1

α1→ A2→ ·· · be the

deleted ((S-Pinj)+)-resolution of M. We will use AxtnS(N,M) to denote the cohomology

group:

AxtnS(N,M) = Hn(HomR(N,Σ0)) = (kerα~n )/(imα
~
n−1), n = 0,1,2, . . .,

where α~n : HomR(N,An)→ HomR(N,An+1) is defined by α~n ( f ) = αn f and α
~
−1 = 0.

By (1) this is well-defined.

(5) From Examples 4.2.28, we have the following.

(i) Let H be a set of matrices over R such that LH = {RR}. If S = DH, then S-Pinj =

Prod(LH )∗ = Prod({RR})∗ = InjR and hence (S-Pinj)+ is the class of absolutely pure right
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R-modules. Thus for every N,M ∈Mod-R, we have that AxtnS(N,M) = AxtnR(N,M) in the

sense of Pinzon [50] and PextnS(N,M) = ExtnR(N,M).

(ii) Let S = mod-R, thus S-Pinj = PinjR. Hence for every N,M ∈Mod-R, we have that

PextnS(N,M) = Pextn(N,M) as in [52, p. 55].

(iii) Let S be the class of (1,1)-presented right R-modules, thus S-Pinj = RD-InjR.

Hence for every N,M ∈Mod-R, we have that PextnS(N,M) = ExtnRD(N,M) as in [39, p. 12].

Lemma 4.5.13 LetF be a class of right R-modules closed under direct sums and let {Mi}i∈I

be a family of right R-modules. If Σi : 0→Mi
αi→ A0

i
α0

i→ A1
i

α1
i→ A2

i → ··· is a right

F-resolution of Mi for all i ∈ I, then the sequence Σ : 0→
⊕
i∈I

Mi→
⊕
i∈I

A0
i →

⊕
i∈I

A1
i → ·· · is a

right F-resolution of
⊕
i∈I

Mi.

PROOF: By hypothesis, An
i ∈ F for all i ∈ I and hence

⊕
i∈I

An
i ∈ F for all n≥ 0. Since Σi is

a right F-resolution, the sequence · · · → HomR(A1
i ,M)→ HomR(A0

i ,M)→ HomR(Mi,M)

→ 0 is exact for all M ∈ F and i ∈ I and hence the sequence · · · → ∏
i∈I

HomR(A1
i ,M)→

∏
i∈I

HomR(A0
i ,M) → ∏

i∈I
HomR(Mi,M) → 0 is exact. By Lemma 2.1.5, it follows that the

sequence · · · → HomR(
⊕
i∈I

A1
i ,M)→ HomR(

⊕
i∈I

A0
i ,M)→ HomR(

⊕
i∈I

Mi,M)→ 0 is exact for

all M ∈ F . Since Σi is a cochain complex it follows that Σ is a cochain complex. Hence the

sequence Σ : 0→
⊕
i∈I

Mi→
⊕
i∈I

A0
i →

⊕
i∈I

A1
i → ·· · is a right F-resolution of

⊕
i∈I

Mi. r

Theorem 5.5 in [50, p. 53] is a special case of the following theorem if we take S = {RR}.

Theorem 4.5.14 Let S ⊆ mod-R and let {Mi}i∈I be a family of right R-modules. If N is a

finitely generated right R-module, then

AxtnS(N,
⊕
i∈I

Mi)'
⊕
i∈I

AxtnS(N,Mi), for any n≥ 0.

PROOF: By Remark 4.5.12(2), each Mi has a right (S-Pinj)+-resolution Σi : 0→ Mi→

A0
i → A1

i → A2
i → ··· . Since (S-Pinj)+ is closed under direct sums (by Proposi-

tion 4.2.9(1)) it follows from Lemma 4.5.13 that the sequence 0→
⊕
i∈I

Mi→
⊕
i∈I

A0
i →⊕

i∈I
A1

i →
⊕
i∈I

A2
i → ··· is a right (S-Pinj)+-resolution of

⊕
i∈I

Mi. By [62, Example 6.6(i),

p. 328], the sequence 0→ HomR(N,
⊕
i∈I

A0
i )→ HomR(N,

⊕
i∈I

A1
i )→ HomR(N,

⊕
i∈I

A2
i )→ ··· is
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a cochain complex. Since N is finitely generated it follows from [2, Exercise 16.3, p. 189]

that there is an R-isomorphism α j : HomR(N,
⊕
i∈I

A j
i )→

⊕
i∈I

HomR(N ,A j
i ) for all j ≥ 0 and

hence we have the following commutative diagram with isomorphic cochain complex rows.

0 HomR(N,
⊕
i∈I

A0
i )

// HomR(N,
⊕
i∈I

A0
i ) HomR(N,

⊕
i∈I

A1
i )

// HomR(N,
⊕
i∈I

A1
i ) HomR(N,

⊕
i∈I

A2
i )

// HomR(N,
⊕
i∈I

A2
i ) · · ·//

0
⊕
i∈I

HomR(N,A0
i )

//⊕
i∈I

HomR(N,A0
i )

⊕
i∈I

HomR(N,A1
i )

//⊕
i∈I

HomR(N,A1
i )

⊕
i∈I

HomR(N,A2
i )

//⊕
i∈I

HomR(N,A2
i ) · · ·//

HomR(N,
⊕
i∈I

A0
i )

⊕
i∈I

HomR(N,A0
i )

α0
��

HomR(N,
⊕
i∈I

A1
i )

⊕
i∈I

HomR(N,A1
i )

α1
��

HomR(N,
⊕
i∈I

A2
i )

⊕
i∈I

HomR(N,A2
i )

α2
��

Since isomorphic cochain complexes have the same cohomology (by [62, Exercise 6.2,

p. 338]) it follows that AxtnS(N,
⊕
i∈I

Mi) ' Hn(
⊕
i∈I

HomR(N,Σ
′
i)), where Σ

′
i is the deleted

(S-Pinj)+-resolution of Mi. Since direct sum commutes with cohomology (by [78, 1.2.1,

p. 5]) it follows that Hn(
⊕
i∈I

HomR(N,Σ
′
i))'

⊕
i∈I

Hn(HomR(N,Σ
′
i)). Since

⊕
i∈I

Hn(HomR(N,Σ
′
i))

=
⊕
i∈I

AxtnS(N,Mi) it follows that AxtnS(N,
⊕
i∈I

Mi)'
⊕
i∈I

AxtnS(N,Mi), for any n≥ 0. r

Lemma 4.5.15 Let S⊆mod-R. If M ∈ (S-Pinj)+ then Axt1S(N,M) = 0 for all N ∈Mod-R.

PROOF: Let M ∈ (S-Pinj)+. It is clear that the exact sequence Σ : 0 → M
1M→ M

d0→

0
d1→ 0→ ·· · is a right (S-Pinj)+-resolution of M. Let N ∈ Mod-R, thus Axt1S(N,M) is

the cohomological group H1(HomR(N,Σ0)), where Σ0 : 0→M
d0→ 0

d1→ 0→ ··· and hence

Axt1S(N,M) = (kerd~1 )/(imd~0 ) = 0/0 = 0. r

The following theorem is the main result in this subsection in which we give equivalent

characterizations of definability of the class S-Pinj in terms of the functors Axt1S(−,−) and

Pext1S(−,−). Pinzon’s theorem (see Theorem 4.5.11) is the special case of the following

theorem where we take S = {RR}.

Theorem 4.5.16 Let S⊆mod-R. Then the following statements are equivalent.

(1) S-Pinj is a definable class.

(2) AxtnS(N,M)' PextnS(N,M), for all N,M ∈Mod-R and n≥ 1.

(3) Axt1S(N,M)' Pext1S(N,M), for all N,M ∈Mod-R.

(4) Pext1S(N,M) = 0, for any N ∈Mod-R and M ∈ (S-Pinj)+.

PROOF: (1)⇒ (2) Suppose that S-Pinj is a definable class. By Theorem 4.5.1, (S-Pinj)+=
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S-Pinj and hence AxtnS(N,M)' PextnS(N,M), for all N,M ∈Mod-R and n≥ 1.

(2)⇒ (3) This is obvious.

(3)⇒ (4) Let N ∈Mod-R and let M ∈ (S-Pinj)+. By Lemma 4.5.15, Axt1S(N,M) = 0

and hence from hypothesis we have that Pext1S(N,M) = 0.

(4)⇒ (1) Let A ∈ (S-Pinj)+. By hypothesis, Pext1S(N,A) = 0 for all N ∈Mod-R and

hence A is S-pure-injective, by Theorem 2.2.19. Thus S-Pinj = (S-Pinj)+ and hence from

Theorem 4.5.1 we have that S-Pinj is definable. r

Definition 4.5.17 Let S⊆mod-R. A long exact sequence of right R-modules:

· · · → An−1
αn−1−→ An

αn−→ An+1
αn+1−→ ·· ·

is said to be S-pure if and only if for each n the short exact sequence at An, which is 0→

im(αn−1)→ An→ im(αn)→ 0 is S-pure.

Lemma 4.5.18 Let S ⊆ mod-R and let Σ : 0→ M α→ A0
α0→ A1

α1→ A2→ ·· · be a sequence

of right R-modules. Then Σ is a right (S-Pinj)-resolution of M if and only if Σ is an S-pure

exact sequence with Ai ∈ S-Pinj, for all i≥ 0.

PROOF: (⇒) Suppose that Σ is a right (S-Pinj)-resolution of M. First, I will prove that the

sequence Σ is exact. Let n≥ 0. Put N = An/im(αn−1) where α−1 = α . By Corollary 3.1.3,

there is an S-pure monomorphism g : N→ G with G ∈ S-Pinj. By hypothesis, the sequence

· · · → HomR(An+1,G)
α}

n−→ HomR(An,G)
α
}
n−1−→ HomR(An−1,G)→ ·· · → HomR(M,G)→ 0

is exact, where α
}
n−1 : HomR(An,G)→ HomR(An−1,G) is defined by α

}
n−1(β ) = β αn−1

for all β ∈HomR(An,G) and n≥ 0 and A−1 = M. Set f = gπn : An→G where πn : An→ N

is the natural epimorphism. Thus α
}
n−1( f ) = f αn−1. Let a ∈ An−1, thus ( f αn−1)(a) =

(gπn)(αn−1(a)) = g(πn(αn−1(a))) = g(αn−1(a)+ im(αn−1)) = g(0) = 0. Thus f αn−1 = 0

and hence f ∈ ker(α}n−1). Since im(α}n ) = ker(α}n−1) it follows that f ∈ im(α}n ) and hence

there is h ∈ HomR(An+1,G) such that α}n (h) = f . Thus hαn = f and hence ker(αn) ⊆

ker( f ). Also, since f = gπn and g is a monomorphism so ker( f )⊆ ker(πn) = im(αn−1) and

hence ker(αn) ⊆ im(αn−1). Since Σ is a right (S-Pinj)-resolution of M it follows that Σ is

a cochain complex and hence αn αn−1 = 0 and this implies that im(αn−1)⊆ ker(αn). Thus

im(αn−1) = ker(αn) for all n≥ 0 and hence Σ is an exact sequence.
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Now we will prove that the exact sequence Σ is S-pure. Let ρn−1 : An−1 → im(αn−1)

be the natural epimorphism and let i : im(αn−1)→ An be the inclusion. So αn−1 = iρn−1.

We show that i is an S-pure embedding, using Proposition 3.1.6. Let L ∈ S-Pinj and let

f : im(αn−1)→ L be any homomorphism. Since αn−1 αn−2 = 0 it follows that iρn−1 αn−2 =

0. Since i is a monomorphism, ρn−1 αn−2 = 0. Therefore f ρn−1 αn−2 = 0 and hence

f ρn−1 ∈ ker(α}n−2) = im(α}n−1). Thus there is g : An→ L such that f ρn−1 = α
}
n−1(g) and

hence f ρn−1 = gαn−1 = giρn−1. Since ρn−1 is an epimorphism, f = gi. It follows by

Proposition 3.1.6 that the exact sequence 0→ im(αn−1)→ An→ im(αn)→ 0 is S-pure for

all n≥ 0 and hence Σ is an S-pure exact sequence.

(⇐) Suppose that Σ is S-pure exact and that each Ai is S-pure-injective. Let G ∈ S-Pinj.

We show that the sequence

· · · → HomR(An+1,G)
α}

n−→ HomR(An,G)
α
}
n−1−→ HomR(An−1,G)→ ·· ·

is exact at HomR(An,G). Let f ∈ ker(α}n−1), thus f ∈ HomR(An,G) and f αn−1 = 0. Set

αn−1 = iρn−1 as above. So f iρn−1 = 0 and, since ρn−1 is an epimorphism, f i = 0. By

assumption the sequence 0→ im(αn−1)
i→ An

ρn→ im(αn)→ 0 is exact so, since f i = 0,

there is g : im(αn)→ G such that gρn = f . Also, i ′ : im(αn)→ An+1 is, by assumption, an

S-pure embedding so, since G is S-pure-injective, there is g′ : An+1→ G such that g′ i ′ = g.

Since αn = i ′ρn it follows that g′αn = g′ i ′ρn = gρn = f and hence α}n (g′) = f . Thus

f ∈ im(α}n ) and hence ker(α}n−1) ⊆ im(α}n ). Since Σ is cochain complex it follows from

[62, 6.6(ii), p. 328] that the sequence

· · · → HomR(An+1,G)
α}

n−→ HomR(An,G)
α
}
n−1−→ HomR(An−1,G)→ ···

is chain complex and hence im(α}n )⊆ ker(α}n−1). Thus im(α}n ) = ker(α}n−1) and hence the

sequence

· · · → HomR(An+1,G)
α}

n−→ HomR(An,G)
α
}
n−1−→ HomR(An−1,G)→ ···

is exact at HomR(An,G) for each n≥ 0. Therefore Σ is a right (S-Pinj)-resolution of M. r

Lemma 4.5.19 Let S⊆mod-R. Then Pext0S(N,M)' HomR(N,M), for any N,M ∈Mod-R.

PROOF: Let Σ : 0→M α→ A0
d0→ A1

d1→ A2→ ··· be a right (S-Pinj)-resolution of M. Thus

the cohomology group H0(HomR(N,Σ0)) = Pext0S(N,M) where Σ0 is the deleted (S-Pinj)-

resolution of M and hence Pext0S(N,M)' ker(d~0 ) where d~0 : HomR(N,A0)→HomR(N,A1)
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defined by d~0 ( f ) = d0 f , for all f ∈ HomR(N,A0). Since Σ is a right (S-Pinj)-resolution of

M it follows from Lemma 4.5.18 that 0→ M α→ A0
d0→ A1 is an exact sequence. Since the

functor HomR(N,−) is a left exact, the sequence 0→ HomR(N,M)
α~

→ HomR(N, A0)
d~

0→

HomR(N,A1) is exact and hence HomR(N,M)' im(α~) = ker(d~0 )' Pext0S(N,M). r

Mao in [39, Theorem 3.1, p. 13] proved the following result.

Theorem 4.5.20 Let {Mi}i∈I be a family of right R-modules. If the class of RD-injective

right R-modules is closed under direct sums, then
⊕
i∈I

ExtnRD(N,Mi) ' ExtnRD(N,
⊕
i∈I

Mi), for

any n≥ 0 and for any finitely generated right R-module N.

Theorem 4.5.20 is the special case S = {M |M is a (1,1)-presented right R-module} of

the following corollary of Theorem 4.5.16.

Corollary 4.5.21 Let S ⊆ mod-R and let {Mi}i∈I be a family of right R-modules. If S-Pinj

is definable, then
⊕
i∈I

PextnS(N,Mi)' PextnS(N,
⊕
i∈I

Mi), for any n≥ 0 and for any finitely gen-

erated right R-module N.

PROOF: Suppose that S-Pinj is definable. Let N be a finitely generated right R-module

and let {Mi}i∈I be a family of right R-modules. Thus for any n≥ 1, we have:⊕
i∈I

PextnS(N,Mi)'
⊕
i∈I

AxtnS(N,Mi) (by Theorem 4.5.16)

' AxtnS(N,
⊕
i∈I

Mi) (by Theorem 4.5.14)

'PextnS(N,
⊕
i∈I

Mi) (by Theorem 4.5.16).

By Lemma 4.5.19, Pext0S(N,M)'HomR(N,M) for any M ∈Mod-R. Since
⊕
i∈I

HomR(N,Mi)

' HomR(N,
⊕
i∈I

Mi) (by [2, Exercise 16.3, p. 189]) it follows that
⊕
i∈I

Pext0S(N,Mi) '

Pext0S(N,
⊕
i∈I

Mi) and hence
⊕
i∈I

PextnS(N,Mi)' PextnS(N,
⊕
i∈I

Mi), for any n≥ 0. r



Chapter 5

S-Cotorsion pairs

In his study of abelian groups, Salce introduced in [64] the notion of a cotorsion pair. The

concept readily generalized to the category R-Mod. A cotorsion pair in R-Mod is a pair of

classes (F ,G) of R-Mod which are orthogonal with respect to Ext1R(−,−). The cotorsion

pairs are analogues of torsion pairs where HomR(−,−) is substituted by Ext1R(−,−).

In [29] Hovey introduced the notion of cotorsion pairs relative to a proper class P .

They are defined as complete orthogonal classes with respect to the functor Ext1P(−,−)

instead of Ext1R(−,−).

Let S⊆ R-mod and let PS be the class of S-pure short exact sequences of left R-modules.

In this chapter, we will study the notion of cotorsion pairs relative to the proper class PS

(in short, S-cotorsion pairs). In the first section we recall the definition and some basic

properties of cotorsion pairs, covers and envelopes relative to the proper class PS which will

be used throughout this chapter. In the second section, we will induce S-cotorsion pairs by

using S
′
-Pinj, where S,S′ ⊆ R-mod. The main purpose of the third section is to generalize

the results of Holm and Jørgensen [27, Theorem 3.4, p. 697] (see Theorem 5.3.1) and [28,

Theorem 3.1(c), p. 629] (see Theorem 5.3.2) to the case of S-cotorsion pairs. In the final

section we provide some examples and applications of some results in this chapter.

116
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5.1 Cotorsion pairs, covers and envelopes relative to the

proper class PS

Let S⊆R-mod. In this section we recall the definition and some basic properties of cotorsion

pairs, covers and envelopes relative to the proper class PS which will be used throughout

this chapter. The material in this section is covered in [46] and [37].

Before introducing S-cotorsion pairs, we define Ext-orthogonal classes and cotorsion

pairs.

Definition 5.1.1 Let F ⊆ R-Mod. We define the classes

⊥F = {M ∈ R-Mod | Ext1R(M,F) = 0},

F⊥ = {M ∈ R-Mod | Ext1R(F ,M) = 0}.

Definition 5.1.2 Let F and G be classes of left R-modules. The pair (F ,G) is said to be

a cotorsion pair if ⊥G = F and F⊥ = G. The cotorsion pair is called perfect if F is

covering and G is enveloping.

Remark 5.1.3 Let S ⊆ R-mod and let M,N ∈ R-Mod. Denote by Ext1PS
(N,M) the set of

equivalence classes of S-pure short exact sequences 0→M→ L→N→ 0. By [37, Theorem

4.3, p. 369], Ext1PS
(N,M) is an abelian group where the addition on Ext1PS

(N,M) is the Baer

sum, (see for example [37, p. 69] or [46, p. 78]). By [37, p. 371] or [67, p. 98] we have that

Pext1S(N,M)' Ext1PS
(N,M).

Definition 5.1.4 Let S⊆ R-mod and let F ⊆ R-Mod. We define the classes

⊥SF = {M | Ext1PS
(M,F) = 0}= {M | Pext1S(M,F) = 0},

F⊥S = {M | Ext1PS
(F ,M) = 0}= {M | Pext1S(F ,M) = 0}.

We now recall the definition of a cotorsion pair relative to the proper class PS. This

notion was considered in [29] for any proper class of short exact sequences.
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Definition 5.1.5 Let S ⊆ R-mod and let F and G be classes of left R-modules. The pair

(F ,G) is said to be a cotorsion pair relative to the proper class PS (for short, an S-cotorsion

pair) if ⊥SG = F and F⊥S = G.

Proposition 5.1.6 Let S ⊆ R-mod and let F ⊆ R-Mod. Then F ⊆ (⊥SF)⊥S and F ⊆
⊥S(F⊥S).

PROOF: Let M ∈ F , thus Pext1S(
⊥SF ,M) = 0 and Pext1S(M,F⊥S) = 0 and hence M ∈

(⊥SF)⊥S and M ∈ ⊥S(F⊥S). Thus F ⊆ (⊥SF)⊥S and F ⊆ ⊥S(F⊥S). r

Examples 5.1.7 (as [46, p. 60]) Let S⊆ R-mod and let F ⊆ R-Mod. Then:

(1) (S-Pproj,R-Mod) and (R-Mod,S-Pinj) are S-cotorsion pairs;

(2) (⊥SF ,(⊥SF)⊥S) and (⊥S(F⊥S),F⊥S) are S-cotorsion pairs.

Let S ⊆ R-mod. Recall that a class of left R-modules F is said to be closed under

S-pure extensions if, whenever 0→ L→M→ N→ 0 is an S-pure short exact sequence in

which L and N are in F , then M ∈ F .

Proposition 5.1.8 Let S⊆ R-mod. If (F ,G) is an S-cotorsion pair, then:

(1) F and G are closed under S-pure extensions and direct summands.

(2) S-Pproj⊆F and S-Pinj⊆ G.

PROOF: See [46, Proposition 15.3, p. 60]. r

We now recall the definition of (pre)covers, (pre)envelopes, special precovers and special

preenvelopes relative to the proper class PS. These notions were considered in [46] for any

proper class of short exact sequences.

Definition 5.1.9 Let S ⊆ R-mod and let F ⊆ R-Mod. An F-precover relative to PS of a

left R-module M is an S-pure short exact sequence Σ : 0→ L→ N
g→ M → 0 with g an

F-precover of M. An F-precover Σ relative to PS of a left R-module M is said to be an

F-cover relative to PS of M if g is an F-cover of M. We say that a class F is precovering
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(resp. covering) relative toPS if every module in R-Mod has anF-precover (resp. F-cover)

relative to PS. An F-precover Σ of M relative to PS is said to be special if ker(g) ∈ F⊥S .

Definition 5.1.10 Let S ⊆ R-mod and let F ⊆ R-Mod. An F-preenvelope relative to PS

of a left R-module M is an S-pure short exact sequence Σ : 0→ M
f→ N → L→ 0 with f

an F-preenvelope of M. An F-preenvelope Σ relative to PS of a left R-module M is said

to be an F-envelope relative to PS of M if f is an F-envelope of M. We say that a class

F is preenveloping (resp. enveloping) relative to PS if every module in R-Mod has an

F-preenvelope (resp. F-envelope) relative to PS. An F-preenvelope Σ of M relative to PS

is said to be special if coker( f ) ∈ ⊥SF .

The following results are proved in [46] for any proper class of short exact sequences.

Proposition 5.1.11 Let S ⊆ R-mod and let F be a class of left R-modules closed under

isomorphisms. Then the following statements are equivalent.

(1) F is enveloping relative to PS.

(2) F is enveloping and S-Pinj⊆F .

PROOF: See [46, Proposition 16.3, p. 73]. r

Proposition 5.1.12 Let S ⊆ R-mod and let F be a class of left R-modules closed under

isomorphisms. Then the following statements are equivalent.

(1) F is covering relative to PS.

(2) F is covering and S-Pproj⊆F .

PROOF: See [46, Proposition 16.4, p. 74]. r

Lemma 5.1.13 Let S ⊆ R-mod and let (F ,G) be an S-cotorsion pair in R-Mod. Then the

following statements are equivalent.

(1) Every left R-module has a special F-precover relative to PS.

(2) Every left R-module has a special G-preenvelope relative to PS.
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PROOF: See [46, Lemma 16.5, p. 74]. r

Lemma 5.1.14 (Relative Wakamatsu’s lemma) Let S⊆ R-mod and let F be a class of left

R-modules closed under S-pure extensions. Then:

(1) if ΣA : 0→ A→ XA → YA → 0 is an F-envelope of A relative to PS, then ΣA is

special;

(2) if ΣC : 0→ YC→ XC→C→ 0 is an F-cover of C relative to PS, then ΣC is special.

PROOF: See [46, Lemma 16.6, p. 75]. r

Definition 5.1.15 Let S ⊆ R-mod. An S-cotorsion pair (F ,G) in R-Mod is said to be

perfect, if F is covering relative to PS and G is enveloping relative to PS.

5.2 S-Cotorsion pairs induced by S
′-Pinj

Let S⊆R-mod and letF ⊆ R-Mod. The following proposition gives conditions under which

(⊥SF ,F) is an S-cotorsion pair.

Proposition 5.2.1 Let S⊆ R-mod and let F ⊆ R-Mod be such that every left R-module has

an F-envelope. Then the following statements are equivalent:

(1) S-Pinj⊆F and F is closed under S-pure extensions and direct summands;

(2) (⊥SF)⊥S ⊆F ;

(3) (⊥SF ,F) is an S-cotorsion pair.

PROOF: (1)⇒ (2) Let M ∈ (⊥SF)⊥S . By hypothesis, M has an F-envelope. Let α : M→

N be an F-envelope of M. By Corollary 3.1.3, there is an S-pure monomorphism f : M→ F

with F ∈ S-Pinj. Since S-Pinj⊆F (by hypothesis) it follows that there is a homomorphism

g : N→ F such that gα = f and hence α is an S-pure monomorphism, by Lemma 2.2.16(2).

Thus the sequence Σ : 0→M α→ N→ coker(α)→ 0 is an F-envelope of M relative to PS.

Since F is closed under S-pure extensions (by hypothesis) it follows from Lemma 5.1.14(1)

that coker(α) ∈ ⊥SF . Since Pext1S(
⊥SF ,M) = 0 it follows that Pext1S(coker(α),M) = 0 and
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hence Σ is split. Thus M is a direct summand of N. SinceF is closed under direct summands

(by hypothesis) it follows that M ∈ F and hence (⊥SF)⊥S ⊆F .

(2) ⇒ (3) Since F ⊆ (⊥SF)⊥S (by Proposition 5.1.6) it follows from (2) that F =

(⊥SF)⊥S and hence (⊥SF ,F) is an S-cotorsion pair.

(3)⇒ (1) By Proposition 5.1.8. r

Corollary 5.2.2 Let S,T ⊆ R-mod. Then the following statements are equivalent.

(1) Every T -pure short exact sequence of left R-modules is S-pure and T -Pinj is closed

under S-pure extensions.

(2) (⊥S(T -Pinj))⊥S = T -Pinj.

(3) (⊥S(T -Pinj),T -Pinj) is an S-cotorsion pair.

PROOF: By Lemma 2.3.4, the class T -Pinj is enveloping in R-Mod. By Theorem 3.2.1

we have that every T -pure short exact sequence of left R-modules is S-pure if and only

if S-Pinj ⊆ T -Pinj. Thus the result follows by taking F = T -Pinj and applying Proposi-

tion 5.2.1. r

Let T ⊆R-mod. In the next corollary, we will consider when the class of T -pure-injective

left R-modules is closed under extensions. This generalizes Theorem 2.18 in [39, p. 11], if

we take T to be the class of (1,1)-presented left R-modules.

Corollary 5.2.3 Let T ⊆ R-mod. Then the following statements are equivalent.

(1) T -Pinj is closed under extensions.

(2) (⊥(T -Pinj))⊥ = T -Pinj.

(3) (⊥(T -Pinj),T -Pinj) is a cotorsion pair.

(4) (⊥(T -Pinj),T -Pinj) is a perfect cotorsion pair.

PROOF: (1)⇔ (2)⇔ (3) Take S = {RR} and apply Corollary 5.2.2.

(3)⇒ (4) By Lemma 2.3.4, the class T -Pinj is enveloping in R-Mod. Since the class ⊥F

is covering for any F ⊆ RPinj (by [27, Theorem 4.3(i), p. 699]) it follows that ⊥(T -Pinj) is

covering in R-Mod and hence (⊥(T -Pinj),T -Pinj) is a perfect cotorsion pair.

(4)⇒ (3) This is clear. r
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Let S ⊆ R-mod and let F ⊆ R-Mod. The following proposition gives conditions under

which (F ,F⊥S) is an S-cotorsion pair.

Proposition 5.2.4 Let S⊆ R-mod and let F ⊆ R-Mod such that every left R-module has an

F-cover. Then the following statements are equivalent.

(1) S-Pproj⊆F and F is closed under S-pure extensions and direct summands.

(2) ⊥S(F⊥S)⊆F .

(3) (F ,F⊥S) is an S-cotorsion pair.

PROOF: (1)⇒ (2) Let M ∈ ⊥S(F⊥S). By hypothesis, M has an F-cover. Let

α : N →M be an F-cover of M. By Proposition 3.1.2(1), there is an S-pure epimorphism

f : F → M with F ∈ S-Pproj. Since S-Pproj ⊆ F (by hypothesis) it follows that there is

a homomorphism g : F → N such that αg = f and hence α is an S-pure epimorphism,

by Lemma 2.2.16(1). Thus the sequence Σ : 0→ ker(α)→ N α→ M → 0 is an F-cover

of M relative to PS. Since F is closed under S-pure extensions (by hypothesis) it fol-

lows from Lemma 5.1.14 that ker(α) ∈ F⊥S . Since Pext1S(M,F⊥S) = 0 it follows that

Pext1S(M,ker(α)) = 0 and hence Σ is split. Thus M is isomorphic to a direct summand

of N. Since F is closed under direct summands (by hypothesis) it follows that M ∈ F and

hence ⊥S(F⊥S)⊆F .

(2) ⇒ (3) Since F ⊆ ⊥S(F⊥S) (by Proposition 5.1.6) it follows from (2) that F =

⊥S(F⊥S) and hence (F ,F⊥S) is an S-cotorsion pair.

(3)⇒ (1) By Proposition 5.1.8. r

Corollary 5.2.5 Let S ⊆ R-mod and let (F ,G) be an almost dual pair. Then the following

statements are equivalent.

(1) S-Pproj⊆F and F is closed under S-pure extensions.

(2) ⊥S(F⊥S)⊆F .

(3) (F ,F⊥S) is an S-cotorsion pair.

PROOF: By Proposition 4.2.8(2), F is covering in R-Mod. Thus the result follows from

Proposition 5.2.4. r
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Example 5.2.6 Let T be a class of finitely presented left R-modules containing RR. Then

lim
−→

(addT ) is closed under extensions if and only if (lim
−→

(addT ),(lim
−→

(addT ))⊥) is a cotor-

sion pair.

PROOF: By Corollary 4.2.25, (lim
−→

(addT ), ProdT ∗) is an almost dual pair and hence from

Proposition 4.2.8(1) we have that lim
−→

(addT ) is closed under direct summands and direct

sums. Since T -Pproj=AddT (by Proposition 3.1.2(2)) it follows that T -Pproj⊆ lim
−→

(addT )

Thus the result follows by taking (F ,G) = (lim
−→

(addT ), ProdT ∗), S = {RR} and applying

Corollary 5.2.5. r

In the next result we consider S-cotorsion pairs induced by S-Pinj and we give equivalent

characterizations of a ring over which every module in (S-Pinj)+ is S-pure-projective.

Theorem 5.2.7 Let S⊆ R-mod. Then the following statements are equivalent:

(1) ((S-Pinj)+)⊥S = R-Mod;

(2) (S-Pproj,((S-Pinj)+)⊥S) is an S-cotorsion pair;

(3) every module in (S-Pinj)+ is S-pure-projective;

(4) if 0→ A→ B
g→ C→ 0 is an S-pure exact sequence of left R-modules with B ∈

(S-Pinj)+, then g : B→C is a (S-Pinj)+-precover of C;

(5) every left R-module is the kernel of a (S-Pinj)+-precover g : B→C with g an S-pure

epimorphism and B S-pure-injective;

(6) every left R-module is injective with respect to every S-pure exact sequence 0→

A→ B→C→ 0 with C ∈ (S-Pinj)+.

PROOF: (1)⇒ (2) Suppose that ((S-Pinj)+)⊥S = R-Mod. Since (S-Pproj,R-Mod) is an

S-cotorsion pair (by Example 5.1.7(1)) it follows that (S-Pproj,((S-Pinj)+)⊥S) is an

S-cotorsion pair.

(2)⇒ (3) Suppose that (S-Pproj,((S-Pinj)+)⊥S) is an S-cotorsion pair, thus
⊥S(((S-Pinj)+)⊥S) = S-Pproj. Since (S-Pinj)+ ⊆ ⊥S(((S-Pinj)+)⊥S) (by Proposition 5.1.6)

it follows that (S-Pinj)+ ⊆ S-Pproj.
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(3)⇒ (4) Let Σ : 0→ A→ B
g→C→ 0 be an S-pure exact sequence of left R-modules

with B ∈ (S-Pinj)+. Let f : M → C be any R-homomorphism with M ∈ (S-Pinj)+. By

hypothesis, M is S-pure-projective and hence there is an R-homomorphism h : M→ B such

that gh = f . Thus g : B→C is a (S-Pinj)+-precover of C.

(4)⇒ (5) Let M be any left R-module. By Corollary 3.1.3, there exists an S-pure exact

sequence 0→M
f→ N

g→ L→ 0 with N ∈ S-Pinj. Since S-Pinj ⊆ (S-Pinj)+ it follows that

N ∈ (S-Pinj)+. By (4), g : N→ L is a (S-Pinj)+-precover of L.

(5)⇒ (1) Let M ∈ R-Mod and let N ∈ (S-Pinj)+. By (5), M is the kernel of a

(S-Pinj)+-precover f : A→ B with f an S-pure epimorphism and A an S-pure-injective mod-

ule. Thus we have an S-pure exact sequence 0→M→A π→A/M→ 0. By [37, Theorem 5.1,

p. 372], the sequence Pext0S(N,A)→ Pext0S(N,A/M)→ Pext1S(N,M)→ Pext1S(N,A) is exact.

Since A∈ S-Pinj it follows from Theorem 2.2.19 that Pext1S(N,A)= 0. By Lemma 4.5.19, the

sequence HomR(N,A) π~

→ HomR(N,A/M)→ Pext1S(N,M)→ 0 is exact. Since π : A→ A/M

is a (S-Pinj)+-precover of A/M, the sequence HomR(N,A) π~

→ HomR(N,A/M)→ 0 is exact.

Thus we have the following commutative diagram:

HomR(N,A) HomR(N,A/M)// HomR(N,A/M) Pext1S(N,M)// Pext1S(N,M) 0//

HomR(N,A) HomR(N,A/M)// HomR(N,A/M) 0// 0 0//

HomR(N,A)

HomR(N,A)

HomR(N,A/M)

HomR(N,A/M)

Pext1S(N,M)

0
��

By Lemma 2.1.3, Pext1S(N,M)= 0 and hence M ∈ ((S-Pinj)+)⊥S . Therefore, ((S-Pinj)+)⊥S =

R-Mod.

(3)⇒ (6) Let Σ : 0→ A α→ B→C→ 0 be any S-pure exact sequence of left R-modules

with C ∈ (S-Pinj)+ and let M ∈ R-Mod. Consider the following diagram:

0 A// A Bα // B C//C 0//A

M

f

��

B

M

g

��

By (3), C is S-pure-projective and hence from Theorem 2.2.18 we have that α is split and so

there is an R-homomorphism ϕ : B→A such that ϕα = 1A. Put g= f ϕ , thus gα = f ϕα = f

and hence M is injective with respect to Σ.

(6)⇒ (3) Let N ∈ (S-Pinj)+ and let M ∈R-Mod. By Proposition 3.1.2, there exists an S-

pure exact sequence 0→K→F→N→ 0 with F an S-pure-projective module. By [37, The-

orem 5.1, p. 372], the sequence Pext0S(F,M)→ Pext0S(K,M)→ Pext1S(N,M)→ Pext1S(F,M)
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is exact. Since F is S-pure-projective it follows from Theorem 2.2.18 that Pext1S(F,M) = 0.

By Lemma 4.5.19, the sequence HomR(F,M)→ HomR(K,M)→ Pext1S(N,M)→ 0 is ex-

act. By (6), the sequence HomR(F,M) → HomR(K,M) → 0 is exact and hence from

Lemma 2.1.3 we get that Pext1S(N,M) = 0. Thus N is an S-pure-projective module, by

Theorem 2.2.18. r

Recall that R is said to be a quasi-Frobenius ring if R is a left noetherian and RR is

injective.

Theorem 5.2.7 together with the following example show that there is a ring R and

S⊆ R-mod such that (S-Pinj)+ * S-Pproj.

Example 5.2.8 Let F be a field and let K be a proper subfield. Let A =
∞

∏
i=1

Fi with Fi = F

and let R = {(xi) ∈ A | all but finitely many xi ∈ K}. It is clear that R is commutative.

By [30, Example 1.11(vi)], R is a von Neumann regular ring but it is not self-injective and

hence R is not a quasi-Frobenius ring. Since a ring R is quasi-Frobenius if and only if

(RAPure)⊥ = R-Mod (by [41, Proposition 2.8, p. 372]) it follows that there is an R-module

M such that Ext1R(G,M) 6= 0 for some absolutely pure R-module G. Since a ring R is von

Neumann regular if and only if Ext1R(A,B)' Pext1S(A,B) for all R-modules A and B, where

S is the class of (1,1)-presented R-modules (by [39, Proposition 3.3, p. 14]) it follows that

Pext1S(G,M) 6= 0. Since G ∈ (S-Pinj)+ it follows that R-Mod * ((S-Pinj)+)⊥S and from

Theorem 5.2.7 we have that (S-Pinj)+ * S-Pproj.

The following corollary is immediate from Theorem 5.2.7 and Remark 4.4.9.

Corollary 5.2.9 Let S be the class of (1,1)-presented left R-modules. Then the following

statements are equivalent:

(1) (RRD-Coflat)⊥S = R-Mod;

(2) (RRD-Proj,(RRD-Coflat)⊥S) is an S-cotorsion pair;

(3) every RD-coflat left R-module is RD-projective;

(4) if 0→ A→ B
g→ C → 0 is a RD-pure exact sequence of left R-modules with B

RD-coflat, then g : B→C is a (RRD-Coflat)-precover of C;
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(5) every left R-module is the kernel of a (RRD-Coflat)-precover g : B→ C with g a

RD-pure epimorphism and B being RD-injective;

(6) every left R-module is injective with respect to every RD-pure exact sequence 0→

A→ B→C→ 0 with C RD-coflat.

In the next result we give equivalent characterizations of definability of the class S-Pinj

in terms of S-cotorsion pairs and (S-Pinj)+-preenvelopes.

Theorem 5.2.10 Let S⊆ R-mod. Then the following statements are equivalent.

(1) S-Pinj is definable.

(2) (R-Mod,(S-Pinj)+) is an S-cotorsion pair.

(3) (⊥S((S-Pinj)+),S-Pinj) is an S-cotorsion pair.

(4) ⊥S((S-Pinj)+) = R-Mod.

(5) Every left R-module is projective with respect to every S-pure exact sequence

0→ A→ B→C→ 0 with A ∈ (S-Pinj)+.

(6) If 0→ A
f→ B→ C→ 0 is an S-pure exact sequence of left R-modules with B ∈

(S-Pinj)+, then f : A→ B is a (S-Pinj)+-preenvelope of A.

(7) If 0→ A
f→ B→ C→ 0 is an S-pure exact sequence of left R-modules with B ∈

S-Pinj, then f : A→ B is a (S-Pinj)+-preenvelope of A.

(8) Every (S-Pinj)-preenvelope of a left R-module M is a (S-Pinj)+-preenvelope of M.

PROOF: (1)⇒ (2) Suppose that S-Pinj is definable. By Theorem 4.5.1, (S-Pinj)+ =

S-Pinj. Since (R-Mod,S-Pinj) is an S-cotorsion pair (by Example 5.1.7(1)) it follows that

(R-Mod,(S-Pinj)+) is an S-cotorsion pair.

(2)⇒ (3) Suppose that (R-Mod,(S-Pinj)+) is an S-cotorsion pair, thus ⊥S((S-Pinj)+) =

R-Mod. Since (R-Mod,S-Pinj) is an S-cotorsion pair (by Example 5.1.7(1)) it follows

that (⊥S((S-Pinj)+),S-Pinj) is an S-cotorsion pair.

(3)⇒ (4) Suppose that (⊥S((S-Pinj)+),S-Pinj) is an S-cotorsion pair, thus ⊥S((S-Pinj)+)

= ⊥S(S-Pinj) = R-Mod, by Theorem 2.2.19.

(4)⇒ (5) Let Σ : 0→ A→ B α→C→ 0 be any S-pure exact sequence of left R-modules

with A ∈ (S-Pinj)+. Let M ∈ R-Mod and let f : M → C be any homomorphism. By (4) ,

Pext1S(C,A) = 0 and hence the exact sequence Σ is split. Thus there is a homomorphism
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α
′

: C → B such that αα
′
= 1C. Put g = α

′
f , thus αg = αα

′
f = 1C f = f . Hence M is

projective with respect to Σ.

(5)⇒ (1) Let N ∈ (S-Pinj)+ and let M ∈ R-Mod. By Corollary 3.1.3, there

is an S-pure exact sequence 0→ N → F → K → 0 with F ∈ S-Pinj. By [37, Theorem

5.1, p. 372], the sequence Pext0S(M,F)→ Pext0S(M,K)→ Pext1S(M,N)→ Pext1S(M,F) is

exact. Since F ∈ S-Pinj it follows that Pext1S(M,F) = 0. By Lemma 4.5.19, the sequence

HomR(M,F)→ HomR(M,K)→ Pext1S(M,N)→ 0 is exact. Also, by (5) we have that the

sequence HomR(M,F)→ HomR(M,K)→ 0 is exact and hence we have that

Pext1S(M,N) = 0 and this implies that N ∈ S-Pinj, by Theorem 2.2.19. Thus the class S-Pinj

is definable, by Theorem 4.5.1.

(1)⇒ (6) Let 0→ A
f→ B→C→ 0 be an S-pure exact sequence of left R-modules with

B ∈ (S-Pinj)+. Let g : A→M be any homomorphism with M ∈ (S-Pinj)+. By hypothesis,

(S-Pinj)+ ⊆ S-Pinj and hence M is S-pure-injective and this implies that there is a homo-

morphism h : B→M such that h f = g. Therefore f : A→ B is a (S-Pinj)+-preenvelope

of A.

(6)⇒ (7) This is obvious.

(7)⇒ (8) Let M ∈ R-Mod and let f : M→N be an (S-Pinj)-preenvelope of a module M.

By Corollary 3.1.3, there is an S-pure monomorphism g : M→F with F ∈ S-Pinj. Thus there

is a homomorphism h : N→ F such that h f = g and hence f is an S-pure monomorphism.

Then the sequence 0 → M
f→ N → coker( f ) → 0 is S-pure exact with N ∈ S-Pinj. By

hypothesis, f : M→ N is a (S-Pinj)+-preenvelope of M.

(8)⇒ (1) Let M ∈ (S-Pinj)+ and let 0→ A α→ B→C→ 0 be any S-pure exact sequence

of left R-modules. Let f : A→ M be any homomorphism. By Corollary 3.1.3, there is

an S-pure monomorphism g : B → D with D ∈ S-Pinj. Since gα : A → D is an S-pure

monomorphism it follows that gα is an (S-Pinj)-preenvelope of a module A. By hypothesis,

gα is an (S-Pinj)+-preenvelope of A and hence there is a homomorphism h : D→M such

that hgα = f . Put β = hg, thus βα = hgα = f and hence M is S-pure-injective. Thus

(S-Pinj)+ = S-Pinj and hence from Theorem 4.5.1 we have that the class S-Pinj is definable.

r

The following proposition provides characterizations of the equivalence of two purities

by using relative cotorsion pairs.
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Proposition 5.2.11 Let S,S
′ ⊆ R-mod. Then the following statements are equivalent:

(1) S-purity = S
′
-purity for short exact sequences of left R-modules;

(2) a pair (F ,G) is an S-cotorsion pair if and only if it is an S
′
-cotorsion pair;

(3) (R-Mod,S-Pinj) is an S
′
-cotorsion pair;

(4) (R-Mod,S
′
-Pinj) is an S-cotorsion pair;

(5) (S-Pproj,R-Mod) is an S
′
-cotorsion pair;

(6) (S
′
-Pproj,R-Mod) is an S-cotorsion pair.

PROOF: (1) ⇒ (2) Suppose that S-purity = S
′
-purity for short exact sequences

of left R-modules. Then, by Corollary 3.2.3, S-Pinj = S
′
-Pinj and hence Pext1S(M,N) '

Pext1
S′
(M,N) for all M,N ∈ R-Mod. It follows that F⊥S = F⊥S′ and ⊥SG =

⊥
S′G for any

F ,G ⊆ R-Mod. Hence a pair (F ,G) is S-cotorsion pair if and only if it is an S
′
-cotorsion

pair.

(2) ⇒ (3) By Example 5.1.7(1), the pair (R-Mod,S-Pinj) is an S-cotorsion pair and

hence by hypothesis we have that (R-Mod,S-Pinj) is an S
′
-cotorsion pair.

(3) ⇒ (4) Suppose that (R-Mod,S-Pinj) is an S
′
-cotorsion pair, thus (R-Mod)⊥S′ =

S-Pinj. Since (R-Mod,S
′
-Pinj) is an S

′
-cotorsion pair (by Example 5.1.7(1)) it follows that

(R-Mod)⊥S′ = S
′
-Pinj and hence S-Pinj = S

′
-Pinj. Since (R-Mod,S-Pinj) is an S-cotorsion

pair it follows that (R-Mod,S
′
-Pinj) is an S-cotorsion pair.

(4)⇒ (5) Suppose that (R-Mod,S
′
-Pinj) is an S-cotorsion pair. By a similar proof as

in (3)⇒ (4), we can show that S-Pinj = S
′
-Pinj. By Corollary 3.2.3, S-Pproj = S

′
-Pproj.

Since (S
′
-Pproj , R-Mod) is an S

′
-cotorsion pair (by Example 5.1.7(1)) it follows that

(S-Pproj,R-Mod) is an S
′
-cotorsion pair

(5)⇒ (6) Suppose that (S-Pproj,R-Mod) is an S
′
-cotorsion pair, thus ⊥S′ (R-Mod) =

S-Pproj. Since (S
′
-Pproj,R-Mod) is an S

′
-cotorsion pair (by Example 5.1.7(1)) it follows

that ⊥S′ (R-Mod) = S
′
-Pproj and hence S-Pproj = S

′
-Pproj. Since (S-Pproj,R-Mod) is an

S-cotorsion pair it follows that (S
′
-Pproj,R-Mod) is an S-cotorsion pair.

(6)⇒ (1) Suppose that (S
′
-Pproj,R-Mod) is an S-cotorsion pair. By a similar proof as

in (5)⇒ (6), we can show that S-Pproj = S
′
-Pproj. By Corollary 3.2.3, S-purity = S

′
-purity

for short exact sequences of left R-modules. r
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The following corollary is immediately obtained from Proposition 5.2.11.

Corollary 5.2.12 Let S be the class of (1,1)-presented left R-modules. Then the following

statements are equivalent for a ring R:

(1) R is an RD-ring;

(2) a pair (F ,G) is an (R-mod)-cotorsion pair if and only if it is an S-cotorsion pair;

(3) (R-Mod, RPinj) is an S-cotorsion pair;

(4) (R-Mod, RRD-Inj) is an (R-mod)-cotorsion pair;

(5) (RPproj,R-Mod) is an S-cotorsion pair;

(6) (RRD-Proj,R-Mod) is an (R-mod)-cotorsion pair.

Let S be the class of (1,1)-presented left R-modules. We deduce from the following

corollary that S-cotorsion pairs and (R-mod)-cotorsion pairs do not coincide with cotorsion

pairs over any ring R which is not von Neumann regular (recall, from Examples 3.1.9(1) the

definition of von Neumann regular ring).

Corollary 5.2.13 Let T be the class of (1,1)-presented left R-modules. Then the following

statements are equivalent for a ring R:

(1) R is a von Neumann regular ring;

(2) a pair (F ,G) is cotorsion if and only if it is T -cotorsion;

(3) (R-Mod, RRD-Inj) is a cotorsion pair;

(4) (R-Mod, RInj) is an T -cotorsion pair;

(5) (RRD-Proj,R-Mod) is a cotorsion pair;

(6) (RProj,R-Mod) is an T -cotorsion pair;

(7) a pair (F ,G) is cotorsion if and only if it is (R-mod)-cotorsion;

(8) (R-Mod, RPinj) is a cotorsion pair;

(9) (R-Mod, RInj) is an (R-mod)-cotorsion pair;

(10) (RPproj,R-Mod) is a cotorsion pair;

(11) (RProj,R-Mod) is an (R-mod)-cotorsion pair.

PROOF: By taking S = T and S
′
= {RR} and applying Proposition 5.2.11 we have that

(2)⇔ (3)⇔ (4)⇔ (5)⇔ (6). Also, by taking S = R-mod and S
′
= {RR} and applying
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Proposition 5.2.11 we have that (7)⇔ (8)⇔ (9)⇔ (10)⇔ (11).

By [39, Corollary 2.14, p. 10], a ring R is von Neumann regular if and only if T -purity =

S
′
-purity for short exact sequences of left R-modules. Also, from [79, 37.6, p. 316] we de-

duce that a ring R is von Neumann regular if and only if (R-mod)-purity = S
′
-purity for

short exact sequences of left R-modules. Hence (1), (2) and (7) are equivalent by Proposi-

tion 5.2.11. r

5.3 When is (F ,F⊥S) a perfect S-cotorsion pair?

Recall from [28] that a duality pair (F ,G) is said to be a perfect duality pair if F is closed

under direct sums and extensions and RR ∈ F . Holm and Jørgensen in [27, Theorem 3.4,

p. 697] proved the following result.

Theorem 5.3.1 If a classF contains the ground ring R and is closed under extensions, direct

sums, pure submodules, and pure quotient modules, then (F ,F⊥) is a perfect cotorsion pair.

Also, they proved in [28, Theorem 3.1(c), p. 629] the following result.

Theorem 5.3.2 If (F ,G) is a perfect duality pair, then (F ,F⊥) is a perfect cotorsion pair.

The main purpose of this section is to generalize these results of Holm and Jørgensen to

the case of S-cotorsion pairs.

Let F ⊆ R-Mod and let M be a left R-module. Recall (see [81, Definition 2.2.1, p. 30])

that an exact sequence 0→ M → N → L→ 0 with L ∈ F is said to be a generator for

Ext(F ,M) if for each exact sequence 0→ M→ N
′ → L

′ → 0 with L
′ ∈ F there exist f ∈

HomR(N
′
,N) and g ∈ HomR(L

′
,L) such that the diagram:

0 M// M N
′// N
′

L
′// L
′

0//

0 M// M N// N L// L 0//

M

M

N
′

N

f
��

L
′

L

g
��

is commutative.
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Furthermore, such a generator is said to be minimal if for any commutative diagram

0 M// M N// N L// L 0//

0 M// M N// N L// L 0//

M

M

N

N

f
��

L

L

g
��

we have that g is an isomorphism (then so too is f ).

For the main purpose of this section, we need the following definition, which is a gener-

alization of [81, Definition 2.2.1, p. 30], and lemmas.

Definition 5.3.3 Let F ⊆ R-Mod, let S ⊆ R-mod and let M be a left R-module. An S-pure

exact sequence 0→M→ N→ L→ 0 with L ∈F is said to be a generator for PextS(F ,M)

if for each S-pure exact sequence 0 → M → N
′ → L

′ → 0 with L
′ ∈ F there exist f ∈

HomR(N
′
,N) and g ∈ HomR(L

′
,L) such that the diagram:

0 M// M N
′// N
′

L
′// L
′

0//

0 M// M N// N L// L 0//

M

M

N
′

N

f
��

L
′

L

g
��

is commutative.

Furthermore, such a generator is said to be minimal if for any commutative diagram

0 M// M N// N L// L 0//

0 M// M N// N L// L 0//

M

M

N

N

f
��

L

L

g
��

we have that g is an isomorphism (then so too is f , by the Five Lemma [62, Proposition

2.72, p. 90]).

Example 5.3.4 Let Σ : 0→ M α→ N
β→ L→ 0 be any RD-pure exact sequence of left R-

modules. If N is an RD-injective left R-module, then Σ is a generator for PextS(R-Mod,M),

where S is the class of (1,1)-presented left R-modules. Moreover, if α : M → N is a

(RRD-Inj)-envelope of M then this generator is minimal.
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PROOF: Let 0→ M α
′

→ N′
β
′

→ L′ → 0 be any RD-pure exact sequence and consider the

following diagram:

0 M// M N′α
′
// N′ L′

β ′ // L′ 0//

0 M// M Nα // N L
β // L 0//

M

M

N′

N

f
��

L′

L

g
��

Since N is RD-injective (by hypothesis), there is a homomorphism f : N
′ → N such that

f α
′
= α . By Lemma 2.1.3, there is a g ∈ HomR(L′,L) such that gβ

′
= β f and hence Σ is a

generator for PextS(R-Mod,M). Now, suppose that α : M→ N is a (RRD-Inj)-envelope of

M and consider the following commutative diagram:

0 M// M Nα // N L// L 0//

0 M// M Nα // N L// L 0//

M

M

N

N

λ

��

L

L

ϕ

��

Since α : M→ N is an (RRD-Inj)-envelope of M it follows that λ is an automorphism. By

Lemma 2.1.3, ϕ is an automorphism and hence Σ is a minimal generator forPextS(R-Mod,M).

r

Lemma 5.3.5 Let F be a class of left R-modules closed under direct limits, let S⊆ R-mod,

let M be a left R-module and let 0→ M → N → L→ 0 be a generator for PextS(F ,M).

Then there exists a generator 0→M→ N
′ → L

′ → 0 for PextS(F ,M) and a commutative

diagram:
0 M// M N// N L// L 0//

0 M// M N
′// N
′

L
′// L
′

0//

M

M

N

N
′

f
��

L

L
′

g
��

such that ker( f ) = ker( f
′
f ) in any commutative diagram whose rows are generators for

PextS(F ,M):
0 M// M N// N L// L 0//

0 M// M N
′// N
′

L
′// L
′

0//

0 M// M N
′′// N
′′

L
′′// L
′′

0//

M

MM

M

N

N
′

f
��

N
′

N
′′

f ′

��

L

L
′

g

��

L
′

L
′′

g′

��



CHAPTER 5. S-COTORSION PAIRS 133

PROOF: Assume that the statement is not true. By induction, we will construct a direct

system of generators for PextS(F ,M) indexed by ordinals as follows:

First let (Σ0 : 0→M→ N0→ L0→ 0) = (0→M→ N→ L→ 0). By assumption, there is

a generator of PextS(F ,M), (0→M→ N1→ L1→ 0), and a commutative diagram:

0 M// M N0// N0 L0// L0 0//

0 M// M N1// N1 L1// L1 0//

M

M

N0

N1

f1,0
��

L0

L1

g1,0

��

such that ker( f1,0) = ker( f1,0 1N)% ker(1N) = 0.

Let α be any non-zero ordinal number. Suppose that we have already constructed the direct

system (Σ
β
′ , f

β
′
,β ,gβ

′
,β )β≤β

′
<α

of generators for PextS(F ,M), where Σβ = 0→M→

Nβ → Lβ → 0, f
β
′
,β ∈ HomR(Nβ ,Nβ

′ ), g
β
′
,β ∈ HomR(Lβ ,Lβ

′ ) and fβ ,β , gβ ,β are

identity maps.

If α is not a limit ordinal, then the generator 0→M→Nα−1→Lα−1→ 0 forPextS(F ,M)

is defined together with fα−1,β ∈ HomR(Nβ ,Nα−1) and gα−1,β ∈ HomR(Lβ ,Lα−1), for all

β ≤ α−1. Thus we have the following commutative diagram:

0 M// M N// N L// L 0//

0 M// M Nα−1// Nα−1 Lα−1// Lα−1 0//

M

M

N

Nα−1

fα−1,0

��

L

Lα−1

gα−1,0

��

By assumption, there is a generator 0→M→ Nα → Lα → 0 for PextS(F ,M) and a com-

mutative diagram:
0 M// M Nα−1// Nα−1 Lα−1// Lα−1 0//

0 M// M Nα
// Nα Lα

// Lα 0//

M

M

Nα−1

Nα

fα,α−1
��

Lα−1

Lα

gα,α−1

��

such that ker( fα,α−1 fα−1,0) % ker( fα−1,0), where fα,β = fα,α−1 fα−1,β and gα,β =

gα,α−1gα−1,β , for all β ≤ α−1 and hence ker( fα,0)% ker( fα−1,0).

If α is a limit ordinal, then put Nα = lim
−→β<α

Nβ and Lα = lim
−→β<α

Lβ and let Σα : 0→

M→ Nα → Lα → 0 be the direct limit of the generators Σβ : 0→M→ Nβ → Lβ → 0 for

PextS(F ,M), for all β <α . Since Σβ are S-pure exact sequences of left R-modules it follows

from [79, 33.8, p. 279] that Σα is an S-pure exact sequence. Since Lβ ∈F for all β < α and

F is closed under direct limits (by hypothesis), Lα ∈ F . Let 0→M→ N→ L→ 0 be any

S-pure exact sequence with L ∈F . Choose any β < α , thus Σβ : 0→M→ Nβ → Lβ → 0 is

a generator for PextS(F ,M) and hence there exist f ∈ HomR(N,Nβ ) and g ∈ HomR(L,Lβ )
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such that the following diagram:

0 M// M N// N L// L 0//

0 M// M Nβ
// Nβ Lβ

// Lβ 0//

M

M

N

Nβ

f
��

L

Lβ

g
��

is commutative. Put f = fβ f and g = gβ g, where ( fλ ,Nα)λ<α and (gλ ,Lα)λ<α are the

direct limits of the direct systems (Nλ , f
λ ,λ

′ )
λ
′≤λ<α

and (Lλ ,gλ ,λ
′ )

λ
′≤λ<α

respectively.

By [79, 24.4, p. 199], the diagram:

0 M// M Nβ
// Nβ Lβ

// Lβ 0//

0 M// M Nα
// Nα Lα

// Lα 0//

M

M

Nβ

Nα

fβ
��

Lβ

Lα

gβ

��

is commutative and this implies that the diagram:

0 M// M N// N L// L 0//

0 M// M Nα
// Nα Lα

// Lα 0//

M

M

N

Nα

f
��

L

Lα

g
��

is commutative. Hence Σα : 0→M→ Nα → Lα → 0 is a generator for PextS(F ,M). Put

fα,β = lim
−→β≤β

′
<α

f
β
′
,β and gα,β = lim

−→β≤β
′
<α

g
β
′
,β , for all β < α (i.e., fα,β = fβ and

gα,β = gβ ). By the definition of direct limit, fα,β = f
α,β

′ f
β
′
,β and gα,β = g

α,β
′g

β
′
,β

for all β ≤ β
′
< α . Thus (Σ

β
′ , f

β
′
,β ,gβ

′
,β )β≤β

′≤α
is a direct system of generators for

PextS(F ,M). Since fα,0 = fα,β fβ ,0 for all β < α it follows that ker( fα,0)⊇ ker( fβ ,0), and

hence ker( fα,0) % ker( fβ ,0) for all β < α . By induction, for each ordinal α we obtain a

strictly increasing chain (ker( fβ ,0) | β < α) of submodules of N, a contradiction. r

Lemma 5.3.6 Let F be a class of left R-modules closed under direct limits, let S⊆ R-mod,

let M be a left R-module and let 0→ M → N → L→ 0 be a generator for PextS(F ,M).

Then there exists a generator 0→M→ N
′ → L

′ → 0 for PextS(F ,M) and a commutative

diagram:
0 M// M N// N L// L 0//

0 M// M N
′// N
′

L
′// L
′

0//

M

M

N

N
′

f
��

L

L
′

g
��

such that ker( f
′
) = 0 in any commutative diagram:

0 M// M N
′// N
′

L
′// L
′

0//

0 M// M N
′′// N
′′

L
′′// L
′′

0//

M

M

N
′

N
′′

f ′
��

L
′

L
′′

g′
��
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whose rows are generators for PextS(F ,M).

PROOF: By Lemma 5.3.5, there exists a generator 0→M→N1→L1→ 0 forPextS(F ,M)

such that in any commutative diagram:

0 M// M N// N L// L 0//

0 M// M N1// N1 L1// L1 0//

0 M// M N// N L// L 0//

M

MM

M

N

N1

f

��
N1

N

f
��

L

L1

g

��
L1

L

g
��

whose rows are generators for PextS(F ,M), we have ker( f f ) = ker( f ). Let ω be the first

infinite ordinal number. So, by induction on n < ω , we can conclude from Lemma 5.3.5 that

there is a countable direct system D of generators 0→M→ Nn→ Ln→ 0 for PextS(F ,M)

with homomorphisms fn+1,n ∈HomR(Nn,Nn+1) and gn+1,n ∈HomR(Ln,Ln+1) such that the

0-th term of D is the given generator 0→M→ N→ L→ 0 for PextS(F ,M), the diagram:

0 M// M Nn// Nn Ln// Ln 0//

0 M// M Nn+1// Nn+1 Ln+1// Ln+1 0//

M

M

Nn

Nn+1

fn+1,n
��

Ln

Ln+1

gn+1,n

��

is commutative, and for each commutative diagram:

0 M// M Nn// Nn Ln// Ln 0//

0 M// M Nn+1// Nn+1 Ln+1// Ln+1 0//

0 M// M N// N L// L 0//

M

MM

M

Nn

Nn+1

fn+1,n

��
Nn+1

N

f
��

Ln

Ln+1

gn+1,n

��
Ln+1

L

g
��

whose rows are generators for PextS(F ,M), we have that ker( fn+1,n) = ker( f fn+1,n). Let

Σ : 0→ M→ N
′ → L

′ → 0 be the direct limit of D. As in the proof of Lemma 5.3.5, we

can prove that Σ is a generator for PextS(F ,M). We claim that Σ has the desired property.

Consider the following commutative diagram:

0 M// M N′// N′ L′// L′ 0//

0 M// M N′′// N′′ L′′// L′′ 0//

M

M

N′

N′′

f ′

��

L′

L′′

g′

��
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whose rows are generators for PextS(F ,M). We will prove that f ′ is injective. Assume that

f ′ is not injective, thus there is a non-zero element x ∈ N
′

with f ′(x) = 0. By [79, 24.3(2),

p. 198], there is m < ω and an element xm ∈ Nm such that fm(xm) = x, where ( fi,N′)i<ω is

the direct limit of a direct system (Ni, fi j) j≤i<ω where fii is the identity map. Thus f ′(x) =

f ′ fm(xm) = 0. Note that fm = fm+1 fm+1,m (from the definition of direct limit). Since the

following diagram:
0 M// M Nm// Nm Lm// Lm 0//

0 M// M Nm+1// Nm+1 Lm+1// Lm+1 0//

0 M// M N′′// N′′ L′′// L′′ 0//

M

MM

M

Nm

Nm+1

fm+1,m

��
Nm+1

N′′

f ′ fm+1

��

Lm

Lm+1
��

Lm+1

L′′
��

is commutative it follows that ker( fm+1,m) = ker( f ′ fm+1 fm+1,m). Since xm ∈ ker( f ′ fm) =

ker( f ′ fm+1 fm+1,m) it follows that xm ∈ ker( fm+1,m). Thus x = fm(xm) = ( fm+1 fm+1,m)(xm)

= fm+1(0) = 0 and this is a contradiction. Hence f ′ is injective. r

Lemma 5.3.7 Let F be a class of left R-modules closed under direct limits, let S ⊆ R-mod

and let M be a left R-module. If 0→ M → N
′ → L

′ → 0 is a generator for PextS(F ,M)

constructed as in Lemma 5.3.6, then it is a minimal generator.

PROOF: Assume that the assertion does not hold. Thus there is a commutative diagram:

0 M// M N′// N′ L′// L′ 0//

0 M// M N′// N′ L′// L′ 0//

M

M

N′

N′

f ′

��

L′

L′

g′

��

with f ′ is injective, but not surjective. By induction,we will construct for any ordinal number

α , a direct system (Σβ , f
β ,β

′ ,g
β ,β

′ )
β
′≤β≤α

of generators Σβ : 0 → M → Nβ → Lβ → 0

for PextS(F ,M) with injective, but not surjective, homomorphism fα,β ∈ HomR(Nβ ,Nα)

(β < α) and fβ ,β , gβ ,β are identity maps as follows. First let (0→ M → N0 → L0 →

0) = (0→ M → N′ → L′ → 0). Let α be any nonzero ordinal. Define fα+1,α = f ′ and

gα+1,α = g′.

If α is a non-limit ordinal, then define (Σα : 0→M→Nα→ Lα→ 0) = (0→M→N′→

L′→ 0), fα,α−1 = f ′, gα,α−1 = g′, fα,β = fα,β+1 fβ+1,β and gα,β = gα,β+1 gβ+1,β for

all β < α . Since fα,β is a composition of injective (not surjective) homomorphisms, fα,β is
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an injective, but not surjective, homomorphism. Therefore, using the induction hypothesis,

(that each f
β ,β

′ is non surjective for β
′
< β < α) we get that im( fα,0) $ im( fα,1) $ · · · $

im( fα,α−1)$ N′.

If α is a limit ordinal, suppose we have already constructed the direct system

(Σβ , f
β ,β

′ , g
β ,β

′ )
β
′≤β<α

of generators Σβ : 0→M→ Nβ → Lβ → 0 for PextS(F ,M) with

injective, but not surjective, homomorphisms f
β ,β

′ ∈ HomR(Nβ
′ ,Nβ ) (β

′
< β < α). First

take the direct limit (Σ : 0→ M → N
′
α → L

′
α → 0) = (0→ M → lim

−→
Nβ → lim

−→
Lβ → 0),

writing { fβ ,N
′
α}β<α for the direct limit of the direct system {Nβ , f

β ,β
′}

β
′≤β<α

. Since

(0→M→ N′→ L′→ 0) is a generator for PextS(F ,M) and Σ is an S-pure exact sequence,

there are f ∈ HomR(N
′
α ,N

′) and g ∈ HomR(L
′
α ,L

′) such that the diagram:

0 M// M N
′
α

// N
′
α L

′
α
// L
′
α 0//

0 M// M N′// N′ L′// L′ 0//

M

M

N
′
α

N′
f
��

L
′
α

L′

g
��

is commutative. Define (Σα : 0→ M→ Nα → Lα → 0) = (0→ M→ N′ → L′ → 0) and

let fα,β = f ′ f fβ and gα,β = g′ggβ for all β < α . Since the ordinal β + 1 is a non-limit,

(Σβ+1 : 0→M→ Nβ+1→ Lβ+1→ 0) = (0→M→ N′→ L′→ 0). Since Σα is a generator

for PextS(F ,M) and the diagram:

0 M// M Nβ+1
// Nβ+1 Lβ+1

// Lβ+1 0//

0 M// M Nα
// Nα Lα

// Lα 0//

M

M

Nβ+1

Nα

fα,β+1
��

Lβ+1

Lα

gα,β+1
��

is commutative it follows from Lemma 5.3.6 that fα,β+1 is injective. Since fα,β =

fα,β+1 fβ+1,β and fβ+1,β is injective it follows that fα,β is injective, for all β < α . Since

fα,β = f ′ f fβ and f ′ is not surjective (by assumption) it follows that fα,β is not surjec-

tive, for all β < α . Hence if α is a limit ordinal, then we constructed a direct system

(Σβ , f
β ,β

′ ,g
β ,β

′ )
β
′≤β≤α

of generators Σβ : 0→M→ Nβ → Lβ → 0 for PextS(F ,M) with

injective, but not surjective, homomorphisms f
β ,β

′ ∈ HomR(Nβ
′ ,Nβ ) (β

′
< β ≤ α) and

f
β ,β

′ = f
β ,β

′′ f
β
′′
,β
′ for any β

′
< β

′′
< β ≤ α . Consequently for any sequence of ordi-

nal numbers: · · · < µ < λ < β < · · · < α we have a chain of submodules of N′ : · · · $

im( fα,µ)$ im( fα,λ )$ im( fα,β )$ · · ·$ N′ which, for some α , has more elements than N′

and this is a contradiction. So f ′ is surjective and hence 0→M→N′→ L′→ 0 is a minimal

generator for PextS(F ,M). r
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The following theorem generalizes Theorem 2.2.2 in [81, p. 31], if we take S = {RR}.

Theorem 5.3.8 Let F be a class of left R-modules closed under direct limits and let S ⊆

R-mod. Then for a left R-module M, if there is a generator for PextS(F ,M), then there must

be a minimal generator for PextS(F ,M).

PROOF: Suppose that there is a generator 0→ M→ N → L→ 0 for PextS(F ,M). By

Lemma 5.3.6, there exists a generator Σ : 0→ M → N
′ → L

′ → 0 for PextS(F ,M) and a

commutative diagram

0 M// M N// N L// L 0//

0 M// M N
′// N
′

L
′// L
′

0//

M

M

N

N
′

f
��

L

L
′

g
��

such that ker( f
′
)= 0 in any commutative diagram whose rows are generator forPextS(F ,M):

0 M// M N
′// N
′

L
′// L
′

0//

0 M// M N
′′// N
′′

L
′′// L
′′

0//

M

M

N
′

N
′′

f ′
��

L
′

L
′′

g′
��

By Lemma 5.3.7, Σ is a minimal generator for PextS(F ,M). r

Proposition 5.3.9 Let S ⊆ R-mod, let F be a class of left R-modules closed under S-pure

extensions and let M be a left R-module. If 0→M
f→ K→ F → 0 is a minimal generator

for PextS(F ,M), then K ∈ F⊥S .

PROOF: Let F
′ ∈ F and let Σ : 0→ K h→ N → F

′ → 0 be any S-pure exact sequence of

left R-modules. Using a pushout diagram, we have the following commutative diagram with
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exact rows and columns.

0

K
��

0

F
��

0 M// M K
f // K F// F 0//

0 M// M N
g // N P// P 0//

F
′

F
′

M

M

K

N

h
��

N

F
′
��

F

P

l
��

P

F
′
��

F
′

0
��

F
′

0
��

Since Σ is an S-pure exact sequence it follows form Lemma 2.2.17 that 0→F l→P→F
′→ 0

is S-pure. Since F,F
′ ∈ F and F is closed under S-pure extensions, P ∈ F . Since f and

h are S-pure monomorphisms, so is h f . Since g = h f , the exact sequence 0→M
g→ N →

P→ 0 is S-pure. Since 0→ M
f→ K → F → 0 is a generator for PextS(F ,M), there are

homomorphisms h′, l′ such that the diagram:

0 M// M N// N P// P 0//

0 M// M K// K F// F 0//

M

M

N

K

h′

��

P

F

l′

��

is commutative. Consider the following commutative diagram:

0 M// M K// K F// F 0//

0 M// M K// K F// F 0//

M

M

K

K

h′h
��

F

F

l′l
��

Since 0→M
f→K→ F→ 0 is a minimal generator for PextS(F ,M) it follows that h′h is an

automorphism and hence 0→ K h→ N→ F
′ → 0 is split. Thus Pext1S(F ,K) = 0 and hence

K ∈ F⊥S . r

Theorem 5.3.10 Let S ⊆ R-mod and let F be a class of left R-modules closed under

S-pure extensions and direct limits. For a given left R-module M, if there is a generator for

PextS(F ,M), then M has an F⊥S-envelope.

PROOF: Suppose that there is a generator for PextS(F ,M). By Theorem 5.3.8, there

is a minimal generator Σ : 0→ M
f→ N → L→ 0 for PextS(F ,M). By Proposition 5.3.9,
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N ∈ F⊥S . Let K ∈ F⊥S and let g ∈ HomR(M,K). Consider the following diagram:

0 M// M N
f // N L// L 0//M

K

g

��

By a pushout of the above diagram, we get the following commutative diagram with exact

rows.
0 M// M N

f // N L// L 0//

0 K// K P
f ′ // P L// L 0//

M

K

g
��

N

P

g′

��

L

L

Since the exact sequence 0→M
f→N→ L→ 0 is S-pure it follows from Lemma 2.2.17 that

0→ K
f ′→ P→ L→ 0 is S-pure. Since K ∈F⊥S , the exact sequence 0→ K

f ′→ P→ L→ 0 is

split and hence there is a homomorphism f ′′ : P→K such that f ′′ f ′= 1K . Put h= f ′′g′, thus

h f = f ′′g′ f = f ′′ f ′g= g. Thus f : M→N is anF⊥S-preenvelope of M. Let α ∈EndR(N) be

such that α f = f . By Lemma 2.1.3, there is β ∈ EndR(L) such that the following diagram:

0 M// M N
f // N L// L 0//

0 M// M N
f // N L// L 0//

M

M

N

N

α

��

L

L

β

��

is commutative. By minimality of Σ, we have α is an automorphism and hence f : M→ N

is an F⊥S-envelope of M. r

In the next theorem, we obtain a generalization of the result [27, Theorem 3.4, p. 697]

due to Holm and Jørgensen (see Theorem 5.3.1) to the case of S-cotorsion pairs, which

accomplishes our main purpose of this section.

Theorem 5.3.11 Let S ⊆ R-mod and let F be a class of left R-modules which contains

S∪{RR} and is closed under S-pure extensions, direct sums, pure submodules, and pure

quotient modules. Then (F ,F⊥S) is a perfect S-cotorsion pair.

PROOF: Let M ∈ S-Pproj, thus M ∈ Add(S∪ {RR}) (by Proposition 3.1.2(2)). Since

S∪ {RR} ⊆ F and F is closed under direct sums and summands, M ∈ F

and hence S-Pproj ⊆ F . Since F is closed under pure quotient modules and direct sums



CHAPTER 5. S-COTORSION PAIRS 141

(by hypothesis) it follows from Theorem 2.3.2 that F is covering in R-Mod. Since F is

closed under S-pure extensions and direct summands (by hypothesis) it follows from

Proposition 5.2.4 that (F ,F⊥S) is an S-cotorsion pair. By Proposition 5.1.12, F is covering

relative to PS. Since F is closed under S-pure extensions, F is special covering relative

to PS in R-Mod (by Lemma 5.1.14) and hence from Lemma 5.1.13 we have that every

left R-module has a special F⊥S-preenvelope relative to PS. We will prove that every left

R-module has a F⊥S-envelope relative to PS.

Let M ∈ R-Mod, thus M has a special F⊥S-preenvelope relative to PS. Let Σ : 0→M
f→

F → C→ 0 be a special F⊥S-preenvelope of M relative to PS, thus Σ is an S-pure exact

sequence with F ∈ F⊥S and coker( f ) = C ∈ ⊥S(F⊥S). Since (F ,F⊥S) is an S-cotorsion

pair, ⊥S(F⊥S) = F and hence C ∈ F . Let Σ
′

: 0 → M α→ F
′ → C

′ → 0 be any S-pure

exact sequence with C′ ∈ F . By [37, Theorem 5.1, p. 372], the sequence HomR(C′,F)→

HomR(F ′,F)
α}

−→ HomR(M,F)→ Pext1S(C
′,F) is exact, where α} is defined by α}(h) =

hα for all h ∈HomR(F ′,F). Since C′ ∈ F and F ∈F⊥S it follows that Pext1S(C
′,F) = 0 and

hence the sequence HomR(C′,F)→ HomR(F ′,F)
α}

−→ HomR(M,F)→ 0 is exact. Since

f ∈ HomR(M,F), there is g ∈ HomR(F ′,F) such that gα = f . Thus, we get the following

commutative diagram with exact rows.

0 M// M F ′α // F ′ C′//C′ 0//

0 M// M F
f // F C//C 0//

M

M

F ′

F

g
��

C′

C

g′

��

By Lemma 2.1.3, there is g′ ∈ HomR(C′,C) such that the above diagram is commutative.

Hence Σ : 0→M
f→ F →C→ 0 is a generator for PextS(F ,M). Since F is closed under

direct sums and pure quotient modules, F is closed under direct limits and hence Theo-

rem 5.3.10 implies that M has an F⊥S-envelope. Since S-Pinj ⊆ F⊥S and F⊥S is closed

under isomorphisms it follows from Proposition 5.1.11 that F⊥S is enveloping relative to

PS in R-Mod and hence (F ,F⊥S) is a perfect S-cotorsion pair. r

A duality pair (F ,G) is said to be a coproduct duality pair if F is closed under direct

sums ([28]).

The following corollary is a generalization of [28, Theorem 3.1(c), p. 629] (see Theo-

rem 5.3.2) to the case of S-cotorsion pairs.
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Corollary 5.3.12 Let S ⊆ R-mod and let (F ,G) be a coproduct duality pair (or almost dual

pair) such that F contains S∪{RR}. If F is closed under S-pure extensions, then (F ,F⊥S)

is a perfect S-cotorsion pair.

PROOF: By [28, Theorem 3.1(a), p. 629], F is closed under pure submodules and pure

quotient modules. By Theorem 5.3.11, (F ,F⊥S) is a perfect S-cotorsion pair. r

Remark 5.3.13 If we take S = {RR} in Theorem 5.3.11 (resp. Corollary 5.3.12) then we get

[27, Theorem 3.4, p. 697] (resp. [28, Theorem 3.1(c), p. 629]).

Corollary 5.3.14 Let S ⊆ R-mod and let (F ,G) be a coproduct duality pair (or almost dual

pair). If (F ,F⊥S) is an S-cotorsion pair, then it is perfect.

PROOF: Suppose that (F ,F⊥S) is an S-cotorsion pair. By Proposition 5.2.4, F is closed

under S-pure extensions and S-Pproj⊆F . Since S∪{RR} ⊆ S-Pproj it follows from Corol-

lary 5.3.12 that (F ,F⊥S) is perfect. r

5.4 Some examples and applications

In this section, we will present some examples and applications of some results in this

chapter.

Let us begin by applying Corollary 5.3.12 to the following examples.

Example 5.4.1 Let S ⊆ R-mod, then (R-Mod,S-Pinj) is a perfect S-cotorsion pair. In par-

ticular, S-Pinj is enveloping in R-Mod.

PROOF: It is clear that S∪{RR} ⊆ R-Mod, R-Mod is closed under S-pure extensions and

(R-Mod,PinjR) is an almost dual pair. Thus, by Corollary 5.3.12, (R-Mod,(R-Mod)⊥S) is a

perfect S-cotorsion pair and hence (R-Mod,S-Pinj) is a perfect S-cotorsion pair. Thus every

left R-module M has an (S-Pinj)-envelope, α : M→M
′
, with α is an S-pure monomorphism.

If we take S = {RR}, then we obtain the fact that (R-Mod, RInj) is a perfect cotorsion pair.

r
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Example 5.4.2 Let S ⊆ R-mod be such that containing {RR} and S = addS.

Then (lim
−→

S,(lim
−→

S)⊥S) is a perfect S-cotorsion pair. In particular, (lim
−→

S)⊥S is enveloping

in R-Mod.

PROOF: By [26, Corollary 5.4(b), p. 556], lim
−→

S is closed under S-pure extensions. Since

(lim
−→

S,ProdS∗) is an almost dual pair (by Corollary 4.2.25) and S∪{RR} ⊆ lim
−→

S it follows

from Corollary 5.3.12 that (lim
−→

S,(lim
−→

S)⊥S) is a perfect S-cotorsion pair. r

Example 5.4.3 As special cases of Example 5.4.2, we have the following.

(1) If S = add{RR}, then lim
−→

S = RF lat and (lim
−→

S)⊥S = (RF lat)⊥ = RCT (the class of

cotorsion left R-modules as in [81, p. 52]). Hence (RF lat, RCT ) is a perfect cotorsion pair.

(2) Let T be the class of (1,1)-presented left R-modules. If S = addT , then as

in Example 4.2.28(3) we have lim
−→

S = RRD-Flat. Thus (RRD-Flat,(RRD-Flat)⊥S) is a

perfect S-cotorsion pair.

(3) Let R be a tame hereditary finite-dimensional algebra over a field k. Then from

Example 4.2.28 and Example 5.4.2, we have:

(i) If S = addM, where M ∈ R-mod, then (ProdS,(ProdS)⊥S) is a perfect S-cotorsion

pair.

(ii) If S = add(RP), then (RT Free,(RT Free)⊥S)) is a perfect S-cotorsion pair.

(iii) If S = add(RP ∪ RR), then (⊥(add RI),(⊥(add RI))⊥S) is a perfect S-cotorsion pair.

In the following corollary, we give a relation between cotorsion pairs and S-cotorsion

pairs.

Corollary 5.4.4 Let (F ,G) be a coproduct duality pair (or an almost dual pair). Then the

following statements are equivalent.

(1) F is closed under extensions and RR ∈ F .

(2) (F ,F⊥) is a perfect cotorsion pair.

(3) (F ,F⊥) is a cotorsion pair.

(4) (F ,F⊥S) is a perfect S-cotorsion pair, for all S⊆F ∩R-mod.

(5) (F ,F⊥S) is an S-cotorsion pair, for all S⊆F ∩R-mod.
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PROOF: (1)⇒ (2) By hypothesis, (F ,G) is a perfect duality pair and hence by

Theorem 5.3.2 we have that (F ,F⊥) is a perfect cotorsion pair.

(2)⇒ (3) This is obvious.

(3)⇒ (4) Suppose that (F ,F⊥) is a cotorsion pair, thus F is closed under extensions

and RR∈F . Let S⊆F∩R-mod, thusF is closed under S-pure extensions and S∪{RR}⊆F .

By Corollary 5.3.12, (F ,F⊥S) is a perfect S-cotorsion pair.

(4)⇒ (5) This is obvious.

(5)⇒ (1) Suppose that (F ,F⊥S) is an S-cotorsion pair, for all S ⊆ F ∩R-mod. By

Proposition 5.2.4, S-Pproj ⊆ F for all S ⊆ F ∩R-mod and hence RR ∈ F . Let S = {RR},

thus (F ,F⊥) is a cotorsion pair (by (5)) and hence F is closed under extensions. r

Corollary 5.4.5 Let T ⊆ R-mod be such that T = addT . Then (lim
−→

T,(lim
−→

T )⊥) is a cotor-

sion pair if and only if (lim
−→

T,(lim
−→

T )⊥S) is a perfect S-cotorsion pair, for all S⊆ T .

PROOF: (⇒) Suppose that (lim
−→

T,(lim
−→

T )⊥) is a cotorsion pair. Since T is an additive

subcategory of R-mod it follows from [5, Lemma 1.2, p. 29] that (lim
−→

T )∩ R-mod = T .

By Corollary 5.4.4, (lim
−→

T,(lim
−→

T )⊥S) is a perfect S-cotorsion pair, for all S ⊆

(lim
−→

T )∩R-mod = T .

(⇐) Suppose that (lim
−→

T,(lim
−→

T )⊥S) is a perfect S-cotorsion pair, for all S ⊆ T .

Since T is an additive subcategory of R-mod it follows from [5, Lemma 1.2, p. 29] that

(lim
−→

T )∩R-mod = T . By hypothesis, (lim
−→

T,(lim
−→

T )⊥S) is a perfect S-cotorsion pair, for all

S⊆ (lim
−→

T )∩R-mod. By Corollary 5.4.4, (lim
−→

T,(lim
−→

T )⊥) is a cotorsion pair. r

Example 5.4.6 Let R be a tame hereditary artin algebra over a field k and let T =

add(RP∪ RR). By [4, Example 5.2(1), p. 308], (lim
−→

T,(lim
−→

T )⊥) is a perfect cotorsion pair.

By Corollary 5.4.5, (lim
−→

T,(lim
−→

T )⊥S) is a perfect S-cotorsion pair, for all S⊆ T .

Let P andQ be any proper classes of short exact sequences. Montaño in [46] introduced

the concept of P-Q-flat modules as follows. A module M is said to be P-Q-flat if every

exact sequence in P ending at M belongs toQ. We will use P-Flat-Q to denote the class of

all P-Q -flat modules.
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Proposition 5.4.7 Let S,T ⊆ R-mod. Then (PS-Flat-PT ,(PS-Flat-PT )
⊥S) is a perfect

S-cotorsion pair.

PROOF: By [46, Corollary 15.9, p. 65], (PS-Flat-PT ,(PS-Flat-PT )
⊥S) is an S-cotorsion

pair. By Corollary 4.2.21, PS-Flat-PT = T -(S∪{L 0
1×1
})-F lat. By Theorem 4.2.24

we have (PS-Flat-PT ,DK-(S∪{L 0
1×1
})-Pinj) is almost dual pair. By Corollary 5.3.14,

(PS-Flat-PT , (PS-Flat-PT )
⊥S) is a perfect S-cotorsion pair. r

In the following examples we give special cases of Proposition 5.4.7.

Examples 5.4.8 (1) If S = T, then (R-Mod,S-Pinj) is a perfect S-cotorsion pair, since if

S = T, then PS-Flat-PT = R-Mod and (R-Mod)⊥S = S-Pinj.

(2) If S = {RR} and T = R-mod, then (RF lat, RCT ) is a perfect cotorsion pair.

(3) If S = {RR}, then (T -RFL,(T -RFL)⊥) is a perfect cotorsion pair, where T -RFL is

the class of T -flat left R-modules as in Example 4.2.22.

(4) If S= add(S∪{L 0
1×1
}) and T =R-mod, then (lim

−→
S,(lim
−→

S)⊥S) is a perfect S-cotorsion

pair, since if S = add(S∪{L 0
1×1
}), then PS-Flat-PT = lim

−→
S; this follows from Lemma 2.2.5

and Corollary 4.2.21.

Let F ⊆Mod-R and let M ∈Mod-R. A left F-resolution of M is a chain complex · · · →

F2→ F1→ F0→M→ 0 (not necessarily exact) with Fi ∈ F such that the sequence · · · →

HomR(G,F1)→ HomR(G,F0)→ HomR(G,M)→ 0 is exact for each G ∈ F [19, p. 168].

Remarks 5.4.9 (1) Let F ⊆ Mod-R and let M ∈ Mod-R. If F is precovering in Mod-R

then a left F-resolution of M exists [19, Proposition 8.1.3, p. 168] and it is unique up to

homotopy [19, p. 169].

(2) Let S ∈ mod-R. It is clear from Proposition 3.1.2 that every right R-module has an

(S-Pproj)-precover and hence from (1) above we have that every right R-module has a left

(S-Pproj)-resolution and it is unique up to homotopy.

Definition 5.4.10 Let N ∈Mod-R, let M ∈ R-Mod and let S ⊆ mod-R. Let Σ : · · · → F2
d2→
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F1
d1→ F0

α→ N → 0 be a left (S-Pproj)-resolution of N and let Σ0 be the deleted (S-Pproj)-

resolution of N (i.e., Σ0 : · · · → F2
d2→ F1

d1→ F0→ 0). Define TorS
n(N,M) to be the homology

group:

TorS
n(N,M) = Hn(Σ0⊗R M) = ker(dn⊗R 1M)/im(dn+1⊗R 1M), n = 1,2, . . ..

By Remark 5.4.9(2) this is well-defined.

Let S ⊆ mod-R and let L ⊆Mod-R. We will define the classes L-S-Flat and L-S-Inj as

follows:

L-S-Flat = {M ∈ R-Mod | TorS
1(L,M) = 0 for all L ∈ L} and

L-S-Inj = {N ∈Mod-R | Pext1S(L,N) = 0 for all L ∈ L}.

Lemma 5.4.11 Let S⊆mod-R and let {Mi}i∈I be a family of right R-modules. If Σi : 0−→

Mi
αi−→ A0

i
α0

i−→ A1
i

α1
i−→ A2

i −→ ·· · is a right (S-Pinj)-resolution of Mi for all i ∈ I, then the

sequence Σ : 0→ ∏
i∈I

Mi

∏
i∈I

αi

−→ ∏
i∈I

A0
i

∏
i∈I

α0
i

−→ ∏
i∈I

A1
i → ··· is a right (S-Pinj)-resolution of ∏

i∈I
Mi.

PROOF: Suppose that for each i ∈ I, the sequence Σi is a right (S-Pinj)-resolution of

Mi. By Lemma 4.5.18, Σi is an S-pure exact sequence with An
i ∈ S-Pinj for all n ≥ 0 and

hence the sequence Σ : 0 → ∏
i∈I

Mi

∏
i∈I

αi

−→ ∏
i∈I

A0
i

∏
i∈I

α0
i

−→ ∏
i∈I

A1
i → ··· is an exact sequence with

∏
i∈I

An
i ∈ S-Pinj for all n ≥ 0. Since Σi is an S-pure exact sequence, the exact sequence

0→ im(αn−1
i )→ An

i → im(αn
i )→ 0 is S-pure for all n ≥ 0. By Lemma 4.2.23, the exact

sequence 0→ ∏
i∈I

im(αn−1
i )→ ∏

i∈I
An

i → ∏
i∈I

im(αn
i )→ 0 is S-pure and it follows from [31,

Lemma 4.3.2, p. 86] that the sequence 0→ im(∏
i∈I

α
n−1
i )→ ∏

i∈I
An

i → im(∏
i∈I

αn
i )→ 0 is

S-pure exact. Thus the sequence Σ is S-pure exact with ∏
i∈I

An
i ∈ S-Pinj for all n ≥ 0. By

Lemma 4.5.18, Σ is a right (S-Pinj)-resolution of ∏
i∈I

Mi. r

Lemma 5.4.12 Let S ⊆ mod-R, let {Mi}i∈I be a family of right R-modules and let M ∈

Mod-R. Then

PextnS(M, ∏
i∈I

Mi)' ∏
i∈I

PextnS(M,Mi), for any n≥ 0.

PROOF: By Remark 4.5.12(2), each Mi has a right (S-Pinj)-resolution Σi : 0→ Mi →
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A0
i → A1

i → A2
i → ··· . By Lemma 5.4.11, the sequence 0→ ∏

i∈I
Mi → ∏

i∈I
A0

i → ∏
i∈I

A1
i →

∏
i∈I

A2
i → ··· is a right (S-Pinj)-resolution of ∏

i∈I
Mi. By [62, Example 6.6(i), p. 328], the

sequence 0→ HomR(N, ∏
i∈I

A0
i )→ HomR(N, ∏

i∈I
A1

i )→ HomR(N, ∏
i∈I

A2
i )→ ·· · is a cochain

complex. Since HomR(N, ∏
i∈I

A j
i ) ' ∏

i∈I
HomR(N,A j

i ) for all j ≥ 0 (by Lemma 2.1.5(1)) it

follows that we have the following commutative diagram with isomorphic cochain complex

rows where α j are isomorphisms j ≥ 0.

0 HomR(N, ∏
i∈I

A0
i )

// HomR(N, ∏
i∈I

A0
i ) HomR(N, ∏

i∈I
A1

i )
// HomR(N, ∏

i∈I
A1

i ) HomR(N, ∏
i∈I

A2
i )

// HomR(N, ∏
i∈I

A2
i ) · · ·//

0 ∏
i∈I

HomR(N,A0
i )

// ∏
i∈I

HomR(N,A0
i ) ∏

i∈I
HomR(N,A1

i )
// ∏
i∈I

HomR(N,A1
i ) ∏

i∈I
HomR(N,A2

i )
// ∏
i∈I

HomR(N,A2
i ) · · ·//

HomR(N, ∏
i∈I

A0
i )

∏
i∈I

HomR(N,A0
i )

α0
��

HomR(N, ∏
i∈I

A1
i )

∏
i∈I

HomR(N,A1
i )

α1
��

HomR(N, ∏
i∈I

A2
i )

∏
i∈I

HomR(N,A2
i )

α2
��

Since isomorphic cochain complexes have the same cohomology (by [62, Exercise 6.2,

p. 338]) it follows that PextnS(N, ∏
i∈I

Mi) ' Hn(∏
i∈I

HomR(N,Σ
′
i)), where Σ

′
i is the deleted

(S-Pinj)-resolution of Mi. Since direct product commutes with cohomology (by [78, 1.2.1,

p. 5]) it follows that Hn(∏
i∈I

HomR(N,Σ
′
i))' ∏

i∈I
Hn(HomR(N,Σ

′
i)). Since ∏

i∈I
Hn(HomR(N,Σ

′
i))

= ∏
i∈I

PextnS(N,Mi) it follows that PextnS(N, ∏
i∈I

Mi)' ∏
i∈I

PextnS(N,Mi), for any n≥ 0. r

In the following proposition, we will induce almost dual pairs by using the functors

TorS
1(−,−) and Pext1S(−,−). This covers many well-known examples of almost dual pairs

(see for example, Examples 4.2.5(2,3)).

Proposition 5.4.13 Let S⊆mod-R and let L ⊆Mod-R. Then:

(1) (L-S-Flat,L-S-Inj) is an almost dual pair.

(2) L-S-Inj is closed under S-pure extensions.

PROOF: (1) Let M ∈ R-Mod. For each L ∈ L, we have M ∈ L-S-Flat if and only if

TorS
1(L,M) = 0 if and only if (TorS

1(L,M))? = 0 if and only if Pext1S(L,M
?) = 0 (by [67,

Proposition 2.7, p. 106]) if and only if M? ∈ L-S-Inj. Now we will prove that L-S-Inj is

closed under direct summands and products. Let {Mi}i∈I be any family of right R-modules.

Then for each i ∈ I and L ∈ L, we have Mi ∈ L-S-Inj if and only if Pext1S(L,Mi) = 0 if and

only if ∏
i∈I

Pext1S(L,Mi) = 0 if and only if Pext1S(L, ∏
i∈I

Mi) = 0 (by Lemma 5.4.12) if and only

if ∏
i∈I

Mi ∈ L-S-Inj. Thus L-S-Inj is closed under direct summands and products and hence

(L-S-Flat,L-S-Inj) is an almost dual pair.
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(2) Let 0→ A→ B→ C → 0 be an S-pure exact sequence of right R-modules with

A,C ∈ L-S-Inj. Thus Pext1S(L,A) = Pext1S(L,C) = 0, for all L ∈ L. Let L ∈ L, thus by [37,

Theorem 5.1, p. 372], there is an exact sequence Pext1S(L,A)→ Pext1S(L,B)→ Pext1S(L,C)

and hence the sequence 0→ Pext1S(L,B)→ 0 is exact and this implies that Pext1S(L,B) = 0.

Thus B ∈ L-S-Inj and hence L-S-Inj is closed under S-pure extensions. r

The following corollary is immediate from Proposition 4.2.8.

Corollary 5.4.14 Let S ⊆ mod-R and let L ⊆Mod-R. Then L-S-Flat is covering in R-Mod

and it is closed under pure submodules, pure homomorphic images, pure extensions, direct

sums and direct limits.

Corollary 5.4.15 Let S⊆ R-mod. Then lim
−→

(add(S∪{RR})) = (Mod-R)-DH-Flat.

PROOF: By Corollary 4.2.25, (lim
−→

(add(S∪{RR})),DH-Pinj) is an almost dual pair. Also,

from Proposition 5.4.13(1) we have ((Mod-R)-DH-Flat,DH-Pinj) is an almost dual pair.

Thus lim
−→

(add(S∪{RR})) = (Mod-R)-DH-Flat, by Proposition 4.2.11. r

Proposition 5.4.16 Let S⊆ R-mod and let L⊆Mod-R. Then (L-DH-Flat,(L-DH-Flat)⊥S)

is a perfect S-cotorsion pair.

PROOF: Put F = L-DH-Flat and G = L-DH-Inj. First we will prove that S∪ {RR} ⊆

F . Let M ∈ S∪ {RR}, thus M∗ ∈ (S∪ {RR})∗ and hence M∗ is DH-pure-injective. Thus

Pext1DH
(L,M∗) = 0, for all L ∈ L (by Theorem 2.2.19) and hence M∗ ∈ G. By Proposi-

tion 5.4.13(1), M ∈ F and hence S∪{RR} ⊆ F . Now we will prove that F is closed under

S-pure extensions.

Let 0→ A→ B→C→ 0 be an S-pure exact sequence of left R-modules with A,C ∈ F .

By Theorem 3.1.1, the exact sequence 0→ C∗→ B∗→ A∗→ 0 is DH-pure. By Proposi-

tion 5.4.13(1), A∗,C∗ ∈ G and hence from Proposition 5.4.13(2) we have B∗ ∈ G and this

implies that B ∈ F . Thus F is closed under S-pure extensions. Since (F ,G) is an almost

dual pair (by Proposition 5.4.13(1) ) it follows from Corollary 5.3.12 that (F ,F⊥S) is a

perfect S-cotorsion pair. r



CHAPTER 5. S-COTORSION PAIRS 149

Corollary 5.4.17 Let L ⊆Mod-R. Then (L-RF lat,(L-RF lat)⊥) is a perfect cotorsion pair,

where L-RF lat = {M ∈ R-Mod | TorR
1 (L,M) = 0 for all L ∈ L}.

PROOF: Take H= { 0
1×1
} and let S = LH = {RR}. Thus DH = {RR} and hence

TorDH
1 (−, −) = TorR

1 (−,−) and Pext1S( −,−) = Ext1R(−,−). Thus L-DH-Flat = L-RF lat

and (L-DH-Flat)⊥S = (L-RF lat)⊥. By Proposition 5.4.16, (L-RF lat,(L-RF lat)⊥) is a per-

fect cotorsion pair. r

In the following examples we give some corollaries of Proposition 5.4.16 and Corol-

lary 5.4.17.

Examples 5.4.18 (1) Let S ⊆ R-mod. If L = Mod-R, then from Corollary 5.4.15 and

Proposition 5.4.16 we have that (lim
−→

(add(S∪{RR})),(lim
−→

(add(S∪{RR})))⊥S) is a perfect

S-cotorsion pair.

(2) Let m,n ∈Z+. If we take L= {M|M is an (m,n)-presented right R-module} and ap-

ply Corollary 5.4.17, then we get that ((m,n)-RF lat , ((m,n)-RF lat)⊥) is a perfect cotorsion

pair, and this is the left version of [40, Theorem 2.3(2), p. 2533].

(3) Let n ∈ Z+. If we take L = {M|M is a finitely presented right R-module with

pdR(M)≤ n}, where pdR(M) is the projective dimension of M, and apply Corollary 5.4.17,

then we get the left version of [82, Theorem 2.1(1), p. 361].

(4) If we take L = {M|M ' R/I with I a simple right ideal of R} and apply Corol-

lary 5.4.17, then we get that (Min-RF lat , (Min-RF lat)⊥) is a perfect cotorsion pair, and this

is the left version of [38, Theorem 3.4(2), p. 638].
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